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ABSTRACT
Breadth
Linear programmingLP) is themostpopular deterministimmathematical optimization
method that determis@n optimal solutionvhich either minimizes or maximizeslinear
objective functiorsubject to linear constraint® 1978, Charnes, Cooper, and Rasdhtroduced
an LRbased technique called Data Envelopment Analysis (DE#)determiss therelative
efficiencyof Decision Making Uni& (DMUSs). This techniquenaximizes the output over input
ratios corresponding to eaBiMU thataret h eenveldped by an efficient frontierin addition,
the means necessary to make inefficient DMtigient can also be determined. ThEssay
componenbegins with an exposition of the foundational LP concepts needed to expose DEA

followed by an exploration of DEA itseificluding the technique and itsdustry applicability



ABSTRACT
Depth

The DEA methodology continues to be adapted to fit many different industries each with
unigue characteristics. This essay examines three such adaptations via 15 annotated
bibliographies: (a) categorical variables to deal with discrete categories of DW)Udyn@mic
DEA to deal with efficiency measurement over time; and (c) incorporating judgment in the
relative efficiency rankings attained by DEA. Through these 15 annotations, the essay explains
that the usage of categorical variables is accomplisheddymg the constant marginal
productivity requirement inherent for example in the CCR and BCC models, that dynamic DEA
incorporates the Malmquist productivity index used to compesgroduction economies into
window analysis and that value judgmentsadtained through the use of weight restrictions and

multiple objectives.



ABSTRACT
Application
Highereducationinstitutions (HEIs) vary in size, program offerings, funding, and

religious affiliation among otherdn addition,all HEIs share common goat$ retaining
students and producing graduates (i.e., outpMiaiy resources (i.e., inputs) are required to
produce these common goaDd. particularinterestis the ability ofDEA to evaluatdhow
efficiently the HEIs are utilizing these resources to poedoutputsThis case study evaluates 24
peerHEIs selected from a national database (IPERSed orthree common characteristics.
Efficiency is determined using botluitputoriented and inpubriented DEAwith six input and
two output variableOf 15 technically efficientHEIs, tenare operating in enost productive

scale sizeDEA also recommendsnprovemerd for theremainingnineinefficient HEIs.
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BREADTH

AMDS 8511: THEORIESOF DETERMINISTIC METHODS
Introduction

Throughout history, comparisons have been made for the purpose of assigningr status
rank(as in the case of comparing one person against another, one tribe against another, one city
against another, or even one country against ano#dstirnatingvalue (as in the case of
comparing one product against another or one offer against anotheretealuating
inefficiencies (as in the case of comparing sinolgpeer units)The methods by which
comparisons are madan beeitherobjective or subjectivdn addition, objective methods of
comparison can belassified a®ither parametric (i.ebased omspecificstatisticaldistributions
and theirestimatecparameters) or nonparametric (i.e., parameter or distributiomiedeod3.
There are mangomparison tests withieachclassificationand thechoice of methodlepends on
thetype of dataamount ofavailableinformation and assumptions made, among others

This essay will focus oanonparametric method of comparison knowasa
Envelopment Analys{®EA) and its use to compatie relative efficiencies dfigher education
institutions The basis of the DEA methodology is a deterministadelcalledLinear
Programming(LP). Thereforejn order to understand DEA, it is first necessary to understand
linear programming.

Linear Programming

Overview

The goal of mathematical modeling isdescribe a realorld systenin order to

effectivelysolve problems. Dantzig (1963) referred to tyge of modelingasmathematical



programming However, this type of modeling is seldom straightforw&ealworld systems
are often constrained (i.e., tested) by the availability of resourceshich affects the desired
objective of the system (e.g., to maximize or minimize somethihg).an optimal solution to
the desired objective is achievablgmathematically statinthese restrictions using a &= of
equationsl{nearor nonlinearequations or inequalitigand solvinghem simultaneouslyn the
case of linear equations with known coefficients (D&terministicas compared to Stochastic),
George Dantzig formulated thaear programmingroblem in 1947 as a mathematical model
for the planning problem and devised maplex method for its solutio(Dantzig, 1963) These
achievements led to his titles as the "father of linear programming” and the "inventor of the
simplex method{Gass, 2005' While & the RAND Corporation in the 195(antzig further
enhanced the computational strength of linear programming and found further extensions of its
applicability (Gass, 2005)Sinceits inception LP has been used extensivélysuchindustrial
andmilitary applications as network flow problems, scheduling problems, transportation
problems, blending problemgroduct mix problemsand even game theory

Modeling LP problems begisiwith a stated objective referred to as the objective
function. The objective function isalinearcombinationof theactivities (i.e. decision variablés
which is to be mininzed ormaximized(Gass, 1985)For example, thetated objectivenay be
to minimize cost or to maximize proffivensomelimited resourced_P problemstypically
involve limitations with respect to the available resoufess., labor hours, raw materials,
money, etc,)which restrict or constrain the solutidexpressed as linear equations or

inequalities, these constraints describe the interrelations of the system components (Dantzig,

! Working independently, John Von Neumann and Leonid Kantorovich have also been
| recognized for their contributions to the early development of LP (Dantzig, 2002).



1963).Thus, in order to dpmize the objective function, theeries of linear equations or
inequalitiesare plotted together t@veala convexpolyhedrorthat contains all the possible

solutions to the modé€Dantzig, 1963Gass, 1985)Theoptimal solution (i.e.yalues for
X, %5,---y X, Which either minimize or maximize the objective functianl) be an extreme

point in the convessolutionset(Dantzig, 1963Gass, 1985More than one optimal solution can
occur when the same minimum value of the objective function occurs at every pointioa the
(i.e., edge of the hyperplane of the convex polyhedsehyeen twaxtreme poirg
The Linear Programming Problem

Keeping in mind thetatedobjective functionPantzig (1963) outlined five steps build
an LP model(as illustrated in Figure 1Yhe first step is to define the activity set that contains
the elementarfunctions of the systerfi.e., the decision variabledyor examplein a product
mix problem, the activities would libevariables that measure thariousproductquantities
that the factory is interested in producing during the next production dywesecond step is to
define the item set. Ehitemset(i.e., constraintsjiescribeshe areas of concern or limitations in
the problem with respect to the activiti@antzig, 1963). For example, énproducimix
problem,one itemof concern which can baescribedasa constraintis the limited amount of
labor hourgequiredduring the production process.

The third step i n LPproblendis to deteimmethezndupudipsit ( 1 9 6 3
coefficients of the activitiedn other words, specify thguantty of theitem that is either
consumedi.e., the inputpr producedi.e., the outputiluring an activity. For example, in the

product mix problem, the number of labor hours required to produce actjugyhe coefficient

a,, etc.Once this is determined, the fourth step is to find the net input or outpusfacific



item or constraintipon completion ofhe activity The last step is to complete tkaterial

Balance Equationy assigning the unkmm, nonnegative activity levels (i.e%, X%,.--, X,).

An illustration of the five stepsiDa nt z i g 6 gvemnd-gedl. i s

Unknown,

Activity Set nonnegative
X3 Xy euas X, / activity levels
£

Constraint, : a,,x, + a,,x, +...+a, X, =D,

D . :
Z Constraint, : a,,x, + a@,,x, +...+a, x, =b,
~ 2 22%2 2 2
:’:",'
Constraint , : a,,x, +a, ,x, +...+a, x, =b
Input—Output Net Input or Output
Coeflicients that represents the
exogenous ow
Material Balance Equation
Figure 1.An illustrationofDant zi gés (1963) | inear programmin

Linear Programming Assumptions

Severdassumptions underlie the gendrt® model.Dantzig (1963, pp 3233) described
the proportionality, nonnegativityandadditivity assumptionsAdditional assumptions include
certainty(proposed by Gass, 198&nddivisibility. The certaintyassumption states that the input

and output coefficients (i.ea; andh , respectively) as well as the cost/profit coefficients of the
objective function (i.e.¢;) are known with ceainty and are constanEor example, the

production cost per undf $3 is known with certainty and is constafte divisibility

assumption allowfor fractional (i.e., nofinteger) values afhedecision variables. However, if



this assumption does not hold, then the problem may be solvednisiggr programming
techniques.

In an LP model, inputs suchs rawmaterials, equipment, labor, or other resources flow
into the activities (i.e., elementary functions) while outputs sisctne desired products flow out
(i.e., exogenous flonpantzig, 1963). Thus, the proportionality assumption statesstia¢
activity levels increase, theemsconsumeabr producednustalso increase proportionally (Gass,
1985) The proportionality assnption describes the linear relationship between the inputs and
outputs.For example, if it is desired toublethe training activityfor new hires ira given
period(i.e., train twice as many peopléhenit would only make sense thifite number of
trainersas well as traineegould alsohave toincreaseproportionally(Dantzig, 1963)

The types of problems suitable idP typically produce tangible outputs in terms of the
amount of product to produce (e.ig. blending problems), prodwsto ship (e.g.in
transportation problems), treassigment ofpeople tgprojects(e.g.,in scheduling problems)
etc Thus,the nonnegativity assumption states ihat not possible to have a solution with
negative quantitie@antzig, 1963; Gass, 1983h other wordsthe optimal solution W always
be composed of positivautputamounts The evidence of this ighe restriction of the convex

solution set to the uppeight (positivepositive)quadrant of the graphus for theactivities
(i.e.,decsion variablep X, X,,..., X, , a mathematical statement of thennegativity
assumptions:

X, %, %2 0 1)

The additivity assumption states that the total amount of resource used can be determined

by summing th@mount ofresource used by thedividual activities(Gass, 1985)Thisis stated



mathematicallyin the partialLP model of the constrainfgresented itModel (2)below (Gass,

1985:

ax +.. 1% b

QX Toee M8y X, Qn (2)
fori=12,...m constraint

j=1,2,..n activities

a, are known constar

In addition,one carfind the total cost or profiteadefined by the objectifenctionby

adding together the individual cost or profit components. Da(ii8i§3)states this

mathematically as:

GX*... G X
forj=1,2,...n activities 3)
c, are the cost or profit coefficts

Gass (1985) mathematically statke tomplete form of the genetd® problem as:

Minimizez=¢gx +.. & X%
Subject to the following constraints:
axt.. gx b

A X Teee M X, B
fori=1,2,...m constraints
j=1,2,..n activities

a, are known constants

(4)

c; are the cost or profit coefficier
X v %, 2 0
m< n
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These assumptions set the stage for solving fh@odel. An LP model involving only
two decision variables andy may be solved using the graphical solution method in which all of
the constraints are plotted in a sinftg/) graph. Howeverto solvelLP problems involving more
than two decision variablegsethe simplex method in which the solution is derived through a
series ofalgorithmc steps(matrix operationsphat manipulatéables called’ableaws (Dantzig,
1963)

Primal Model

Theprimal modelis the general form of theP method In this form, the objective of the
system(i.e., objective functionis stated in terms of minimizing or maximizingnse value (e.g.,
minimize cost or maximize profitLinealy independetconstraints written as inequalities
definetherelationships between the activities (i.e., decision variabMis)f the previously
stated assumptions hold. order to find the optimal solutidior the objectiveplot eachlinearly
independentonstaintin a graphThe resultingarea defined by the constraints is a convex set of
feasiblesolutions.This convex seis a line for two decision variablea plane for three decision
variables, or a hyperplane for> 3 decision variable§Gass, 198p Extreme points occuat the
vertices otthe convex polyhedron

Graphicalsolutionmethod When there are only two decision variakfies., activities)n
the modelthen a twedimensional grapfs usefulfor finding the optimal solution A simple
example(as adapted from Stevenson & Ozgur, 2007, ppi 154)illustrates his graphical
solutionmethod Consider a produganix problem in which the manufacturer must decide how
many sofas and love seats to make in order tammae profit. Note that for every sofa the

manufacturesells, they make $120 profit and for every love sday make $105. In addition, it
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takes two machine hours and two and one half labor hours to manufacture one sofa and one
machine hour and two labor hours to manufacture one lovdrsdais production cycle, there
are400 machine hosrand 600 labor hours availableetting x, represent sofas arxj, represent
loveseatsmathematically statdhe problem aollows:

Maximize Profit:z= 12 +306,

Subject to
Machine Hrs. 2+ x, ¢ 4( (5
Labor Hrs. 2%+ X ¢ 6l

X %2 0
Next, plot @ch constrainin a grapho reveal a area representirtfpe region or convex
setof feasible solutionghat satisy the requirements (i.e., inequalitief)each otthe constraints
(Figure 2 Gass, 198p Sincetheory tells us that the optimal solution to an LP model is always
an extreme point of the convex solution spdantzig, 1963)we candetermine he optimal
solutionby testing onlythe extreme pointat the verticesf the convex sah the objective

function(Stevenson & Ozgur, 2007).



400

350 -

300 -

250 e \achine Hrs,

200 e | 2 b O HrS.

150
100 -

50

0 50 100 150 200 250

Figure 2. Graphical representation of a produaitx LP problem with two constraints.

In this example, there are four extreme points: (a) (0,0), (b) (0,300), (c) (133.3,133.3),
and (d) (200,0). These coordinafes., vectorsyepresent the number of machine hours and
labor hours, respectivelandform the basic feasible solution set whamrtains theoptimal
solution Thus, tofind the optimal solutiontestonly theseextreme points to determine which

coordinategjive the maximum profito the objective functiod20x, + 10%, .

Tablel. Testing the Extreme Points for Optimality

Extreme Pointsx, x,) Objective Function Profit
(0,0) 120( 0+ 10% $0
(0,300 120( 0 + 10§ 309 $31,500
(133.3,133.3 120(133.3+ 106 133} $29,992.5(
(2009 120( 209 + 10§ § $28.800

Thus, br this production period, the optimal solution is to prod8@8 love seats an@

sofas for a maximum profit &31,50(. Note that a problem in which the objective function is
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minimizedinstead of maximizeds worked similarly. However, when choosing the optimal
solutionin a minimization problenselectthe smallestofthe b j ect i v digufessnct i onds
SimplexMethod The graphical solution methasleasyto usewhen the problem onllyas
two decision variables. However, three or more decision variables retii@grase of a more
sophisticated solutiomethodbecause theesultingsolution space takes on the shapa of
simplexX that is,ann-dimensional convex polyhedron witint+1 vertices (Gass, 1985).
Developed in 1947 by George Dantzig and Leonid Hurwicz, this alternative solution neethod
thesimplex metho{Dantzig, 1963)
Similar to the graphical method, teenplex method examines the poinds thevertices
of the simplexi.e., the basic solutions; Gass, 1985; Stevenson & Ozgur, . 200¥ pptimal
solution is the point that either maximizes or minimizes the objective funetmmever,unlike
the graphical methodhe simplex method does this in series of step§terations)that are
recorded in tables callethbleats. As the number oflecision variablegcreasethenumber of
iterations also increases
After modeling theLP problem, the first step in tremplex method is to convert all of
theinequalities to equalities (Stevenson & Ozgur, 2000) fist andar di zeo t he m
Convert aconstraint withan ¢ inequalityto equalityby addingan unknownnonnegativeslack
variablethatrepresergthe value needed to maketh sides othe inequalityequal In order to
convert a constraint with ah inequalityto equality firstsubtractanunknown nonnegative
surplusvariableand then add a nonnegat@&xificial variable (Stevenson & Ozgur, 2007)he
surplus variable acts similar to a slack variable, hetrtificial variable simply providesia

artificial basisfor solvingthe initial solution of thesimplex methodGass, 1985)f a constraint
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is already in equality form, then using a slackuptus variable is inappropriate. Insteadda
nonnegative artificial variabl® the lefthand side of the equality for the same reason as stated
above

These slack and surplus variables are included in the objective function but with

coefficientsc, =0 (Gass, 1985)The artificial variables are also included in the objective

functionbutwhether the variable is added or subtractepends on whether the objective is to
minimize or maximizelf the objective is to minimize, then atlte artificial variableo the
objective functionlf the objective is to maximize, then subtract the artificial varitbla the
objective function. In either case, multiply the artificial variablebsery large coefficient
represented byl. Making the coefficienM very large ensures thtite artificial variable will not
affect the optimal solutio(Stevenson & Ozgur, 2007).

To illustrate,considera maximizatiorLP problemwith two decision variablegsadapted
from Stevenson and Ozgur (20@3p. 4S5 4S-20).

Maximizez= 60x +50%
Subject to
Constraintl X+ 29 ¢ 1C(
Constraint2 2+ » ¢ .
Constraint3 %8+ X3 ¢

X %2 0

(6)

First convert the inequalities to equalities. Since all of the constraints arefofrtie,

add a slack variable to each constraint and change the inequaliyatity
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Maximizez= 60x +50k, €% 0y Of

Subject to
Constraint 1 ¥+ 19 +, = I (7)
Constraint2 2+ A % =2
Constraint3 3B+ 3 B =39

X X% X % %2 0

Notein Model (7),the addition of the slack variables, X,, % not only in the individual

constraints, but also in the objective functibmthe LP problem,if the number oflecision
variables K) is greatethan the number of constraints)( then the solutiooould include points
atanyof the intersections of the constrainits other words, itouldinclude the extreme points
atanintersectionthat defins the simplexor points atany other intersectiobeyond but not
included in the simplex. Therefore, it is necessary to redugeodsblesolutiors to only the
extreme points at the boundaries of the simplex (i.ehadke& solutiof. If n>m, setn- m
variables equal td (Stevenson & Ozgur, 2007Mpoing so willcreate a system af=m
eguations whickensurs thatinclusion of only extremeoints in the basic solution. Variables set
to O are referred to asonbasic variablesvhile the other variables are referred tdasic
variables(Stevenson & Ozgur, 2007).

Settingn- mvariables equal t® and solving for the remaining variables provides a
basic solutiod that is, an initial feasible solution to the problem. In the above examplB,
and m=3. Thereforeyemove5- 3 =2 decisionvariables from the model. In this case, remove

X, andx, by setting eaclequaltoO. This results in the followingitial basicsolution

X, =100
X, = 22 )
X = 39
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Note that the variables in the solution (i.&,, %,, X,) arethebasic variables, while the
variables not in the solution (i.ex,, x,) arethenonbasic variableStevenson & Ozgur, 2007).

In order to continuéo thenextiteration ofthe simplex methoddisplay the results of the initial
basic solution iMTableauform as shown in Tabl2. In this Tableaylist the basis variables in the
first column the coefficients of the objective function in the first row, theigsien variables in

the second row and the right hand side of the equétentheb 6 sn)the last columnThe
center of the table represents the coefficients of the decision and slack variables @, sh¢ .

The second column is just a repeat of the objective function coefficients but only for the
variables in the Basis column.

Table2. Initial Basic FeasibleSolution of the Simplex MethoBableau &

Coefficientsc, (C) | 60 50 0 0 0 .
Decision Variableg, X, X, X X, Xg Quintlty
Basis C, |
X 0 4 10 1 0 0 100
X, 0 2 1 0 1 0 22
Xs 0 3 3 0 0 1 39
z 0 0 0 0 0 0
C-Z 60 50 0 0 0

The values in ronz of theTableauare found by naltiplying the coefficients for column

X by the respectivbasiscoefficient inthe secondolumnand then summing the resulting

productg(Stevenson & Ozgur, 200.7o this forthe values in the Quantity colunas well For

example, the value at for decision variable, is:

Z,=(0)4 {02 (93 ()
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Now, subtract these values affrom the coefficiets of the objective functio(i.e., C,
the first row in theTableaq to obtain the values in th€ - Z row. These values represent the
amount of improvement per unit in the objective functieor. example, the value & - Z for
decision variablex is 60 (see below) indicating that the objective function would increase by 60
per unit if x_is included in the basi{Stevenson &zgur, 2007)

(C- Z)1 60 0 6€ (10

The C- Z values indicate where improvement in the basic solution can occur. The
solution is optimal if all of the values in ti@- Z row of theTableauare zero and negative in a
maximization problem or zero and positive in a minimization probleraddition to these
values, heresultingTableaushows thathebasis variable§.e., variables in the solutiohpve
coefficient vectors that ammit vecorsin which the value obneappears in the position of the

corresponding variabl@ the Basis columie.g., consider the coefficient vector for variakje

in Table2; Stevenson & Ozgur, 200.4n addition, thdast value in th&@uantity column
represents the value of the object function based on the basis variables in the solution.
Using the information given in thaitial Tableaythe next step in theimplex methods
to makean improvemenin the basic solutiarin order todo this, one nonbasic variable must
enter the solution while one basic variable |sdtie solution. Since this is a maximization
problem, the nonbasic variable that enters the solution will be the variable with the (arg&st

value In this example, it is variablg (see Tabl&). The column in the table associated with

variable x; is the pivotcolumn(Stevenson & Ozgur, 2007)o determinavhich variablemost
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limits the quantity ofx, and therefore must leave the basis solution, divide @aelntity by the

respective coefficient in tha@vot column(Table3).

Table3. Determining the Pivot Column and Pivot Row: Tabldau |

Coefficientsc, (C) | 60 50 0 0 0 |
Decision Variableg | x X, X, % % Quintlty

Basis C, |
% 0 4 10 1 0 0 100/4=25
% 0 2 1 0 1 0| 22°2=11
% 0 3 3 0 0 1| 393=13

z 0 0 0 0 0 0

C-Z |60 50 0 0 0

Because this is a maximization problehe smallest nonnegative quantity resulting from
this divisiondetermines which variablaust leave the Basiélthough itis notthe optimal
solution this value represents an extreme point in the basic feasible solution space while the
other quantities represent points outside of the basic feasible solutionlsghceexample, the

smallest resulting Quantity is 11 which is associated with slagéblex,. Therefore,x, should
leave the basis ang should enter the basiShe row associated with slack variat{gis the
pivot row,

In order to include variable in the Basis, the coefficients af must ban the form of a

unity vector.To create this vectothe values ithe matrix are manipulated using elementary row
operationgStevenson & Ozgur, 2007 he constraintgesulting from these operationsll be

differentbut equivalent to the originaonstraintsTo begin, consider the coefficient fay(the

variable entering the basis)time pivot row(seeTable 3). Since a unity vector is desired (with a

one in tle x, position of the vectorymultiply all of the coefficients in the row by, (Table4).
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Table4. Secondteration of the Simplex Method@ableau Ih

CA 60 50 0 0 0 Quantity
X% % % X% b
Basis ¢ '
X, 0 0 8 1 -2 0 56
X 60 1 b 0 % 0 11
X 0 0 % o -% 1 6
Z 0

C-Z

The next step iotreduce the coefficient fax, in the remaining rows to zer®o do this,
choose a different row and multiplye new pivot row equation by the coefficientxffor the
choserrow. Then,subtract the two equations in order to eliminatéor example, consider the
equation for thdirst constraint in the Tableau. In order to obtain a coefficierftfof x , the

pivot row is multiplied by the negative of the current coefficient, that is, by negative four.
I+ 1K, +x &, 0O¢ 16C
-4(x Hx, Ox% M Oxr 1) (11)
0g+8 + B 56

It can be seen that the subtraction now results in a coefficiéghtanfx . Record this and
the remaining coefficients in tHest row of the Tableau (TabK). Similarly, the new
coefficients for the third rowarefound by multiplying the second row by negative thitee
coefficient for x in the x, row) and adding it to the third row. The resulting coefficients are

given in Tablet. Now that the new coefficients are in place, compute the values forzoavel

C- Z as previously described (see Tabje
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Table5. Second Iteration of the Simplex Method: Tableau llIb

CA 60 50 0 0 0 Quantity

x| x % oxox % o

Basis ¢ '
X, 0 0 8 1 -2 0 56
X 60 1 b 0 % 0 11

X 0 0 % o -% 1 6
Z 60 30 0 30 0 660

C-Z 0 20 0 -30 0

Table5 shows that based on this basic solution, the new value of the objective function is
660. However, this is not the optimal solution because not all of the values@ tEerow are
zero or negative. Thus,third iteration in theimplex methods necessary. Begin lmhoosng
the largest valuen the C- Z row in Table5 (i.e., 20). This value indicates that a unit change in
variable x, will increase the objective function by 20 units. As a result, variapleill be the
new pivot column andeeds tde entered into the basis. To determine which of the current basis
variables must leave, divide the values in@antity column by the coefficients in the
column, and lksoose the smallest of the resulting Quantity va{ges Table&). In this case, the
smallest Quantity is associated with variaglerhusslackvarisblex, will leave the basis and

this row becomes the new pivot row.

Table6. Third Iteration of the Simplex Method: Tableau llla

CA 60 50 0 0 0 Quantity
T T T S R b
Basis ¢ '
X, 0 0 8 1 -2 0 56/8=7
X 60 1 % 0 % 0 | 11%)=2
% 0 0 % 0 ~-% 1 | 6I(x%)=4
Z 60 30 0 30 0 660
C-Z 0 20 0 30 O




18

As described beforén order to be included in the badise coefficient vector for
variable x, must be made into a unity vector. The coefficient¥pm the pivot row ig; (see
Table6). To obtain a value of one in this position, multiply all of the coefficients in the pivot
row by the inverse of the coefficient (i.€;,; see Tabl&). Adjust the remaining rows by
multiplying the new pivot row by the coefficient af for that row and then subtractingriom
that row The results of these operations are given in TabMow thevalues forz andC- Z

rows can be computed as previously described (see Table

Table7. Third Iteration of the Simplex Method: Tableaublll

CA 60 50 0 0 0 Quantity
X e 6 X % A
Basis ¢ '
X, 0 0 0 1 6 -1 24
X, 60 1 0 0 1 -% 9
X, 50 o 1 0 -1 % 4
7 60 50 0 10 9% 740
C-Z 0 0 0 -10 - %

The optimal basic solution occurs whadhof the C- Z values are zero and negative,

which is the case in this examplehat optimal solutiofan extreme point at a vertices of the
simplex)is 60 units ofx , 50 units ofx,, and O units of x, for a maximum objective function of
740 units (e.g., dollarsBecausex; is a slack variable, the 24 units associated with that
constraint will remain unused.

Although thesimplex methods cumbersomand tedious with many places for egribis

effective in solving generadlP problems. Fortunatelyndustrial strengtisoftware programsuch
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asCPLEX, XPRESS, LINDOPremium Solvefa MS Excel addn) and othersre able to
accommodate most linear optimization proble(Rer a 2007 survey of LP software and their

capabilities, sebttp://lionhrtpub.com/orms/surveys/LP/idrvey.html)

Dual Model
Another aspect dfP is the concept odluality. EverygeneralLP model(i.e., primal
mode) hasa dual or mirror image problem associated with it. Developed in 1947 by John Von
Neumann (the famous game theorist; Dantzig, 1963), theL&yadoblem is a transposition of
the original primal modeln the transformation, the objective function variables of the primal
become the constraints of the dual while the constraints of the primal become the objective
function of the dual. As a resulhé objective function changes from a minimization problem to
a maximization problem (or vice versa) and the constraint inequalities change direction to reflect
the change in objective (Dantzig, 1963; Stevenson & Ozgur, 206ig)relationship between
theprimal and dual models is referred to asdbality theoren{Dantzig, 1963; Gass, 1985)
Although the same optimal solution is obtained weitiher thedualor primal models a
different, economic interpretation accompanies the dual sol(8i@venson &zgur, 2007)In
other words, the dual solution determines the profit obtained or cost required with respect to
use of asingle unit of resourcén addition, transposing the primal modemoves the
nonnegativassumption placed dhe primal variable (Dantzig, 1963Gass, 198p For
example, consider the transformation of the primal mgieinin Model (12) to thedual model

given inModel (3) (Stevensor& Ozgur, 2007, p. 227:


http://lionhrtpub.com/orms/surveys/LP/LP-survey.html
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Primal Model:
Minimize 40x + 44x, +4&;,
Subject to
Constraintl X+ 2 +X8 22
Constraint2 ¥+ % +x% 2:
% % %2 0

(12)

Dual Model:
Maximize 2@y, + 3Qv,
Subject to
Constraint1 W+ W, ¢ 4 (13)
Constraint2 &+ ¥ ¢ 4
Constraint3 8+ W, ¢ 4
W, W, 2

The above transformation resultstwo variables andhreeconstraints in the dual model
as compared tthreevariables andwo constraints in the primal mod@lote that transforming
the dual simplyconvertsthe variables and constraints back to the primal mdbetzig, 1963;
Stevenson & Ozgu007). The primal modesolutiongivesthe optimal production amount of
each output in order tminimize, for examplegcost given the limited resources represeert by
the constraintsThe goal of the dual mod#ienis to maximizethe limited resources given the
marginal values of those resources (Stevenson & 020r). Although the interpretation of
the dual model is different, the value of the objective fionciwith respect to the resources) is
the same athe value of the objective function (with respect to cfustjhe primal model
(Stevenson & Ozgug007).

This has tremendous practical implications in choosing an algorithm to tackle an LP

problem In empirical observations, LP solution times are greatly a function of the number (and
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density) of constraints, thus an LP with a large number of constraints relatiaeatolesshould
be dualized to reduce the number of constraints so that it can be fesitexd
Data Envelopment Analysis

An Overview

Data Envelopment AnalysiPEA) is a deterministiclecisionmodel built upon the
foundations ot.P. While LP allows for multiple input variables (e.gnultiple factories and
warehouses in a transportation fgeon), there isonly one output variable.€., the minimized or
maximized objective such as cost or prafspectively. In contrastDEA is ableto include not
only multiple input variables, but also multiple output variables. In other wioydsyndensing
the multiple inputs and outputs into a single virtual output to virtual input taegd)EAmethod
simultaneouslgompars and rank similar peer group@.e., decision making unitsr DMUs)
with respect te@ach DMUs relative efficiencyCharnes, Cooper, Lewin, & Seiford, 1994

Cooper, Seiford, & Tone, 20D6lhe idea is that by determining which DMUs are inefficient

(with respect to other DMUSs), it can also be determined how they may improve their efficiency

(i.e., what inputs and by how rlu each needs to be changed (reduced) to produce the required

output to move up in rankit is this unique ability that has made DEA an attractive methodology

for comparingsimilar DMUs in suchindustriesas banking, agriculturajrline, defense,
manufaturing, education, health care, telecommunications, utilities, etc.

Previous statistical approachtesvaluaé DMUSs, involved the use of parametric

methodssuch as regression analysighile the regression approach requires certain assumptions

about the dta and distribution of the error terms (ireoymal andndependent and identically

distributed, the nonparametribEA methodrequires no such assumptio@h@rnest al,
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199). In addition, regression analysis fits a single linear trend linpléore) to all of the data
points based on the central tendency of the datagamizationof a single poird the meah
Standard Input/Output analysis used in econometrics is also inadequaie BnRegression, it
also assumes a function relating tlb@sumption (inputs) to the production (output) (e.qg,

Y = €*?%2), In contrast, the DEA method optimizes each data point to create a piecewise
boundary referred to as teéicient frontier(see Figure 3)This optimizationallows for a
comparison oftheefficiency ofoneDMU relative to the other DMUand is accomplished

through the weighting of the input and output variables.

7 | B
6 |
5 |
~
3 a4
£
3 }
2 = 4
Efficient
S g Frontier
O |

Figure 3. Comparison of the regression lifieto theDEA piecewiseefficient frontier (adapted
from Cooper Seiford, & Tone, 2006p. 57.
Firstdeveloped byChanes, Cooper, and Rhod@®78) the efficiency of a DMU is

calculated as theaximumratio of weighted output&u, y ) to weighted inputs\{x ) where the

weights u, andv can be determined either with certainty (isepriori) or by the data (Cooper,
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Seiford, & Tone, 2006)Assigning weights priori could introduce unwanted bias into the
results In addition, the weights may vary from one DMU to anothiéus, #lowing the data to
assign weights results & more objective approach whigtquiresvery fewa priori
assumptiongCooper, Seiford, & Tone, 2006Ylost DEA models are based on tader
approachAs a resultCooper, 8iford, and Tonespecified four common input and output issues
(p. 22)
1. The data for each input and output are numerical and positive.
2. All inputs and outputs should be of interest and meaningful.
3. Input amounts should be srslthan output amounts.
4. Units of measure for each input and output need netjbevalent
The DEA methoddentifies the best performin@e., most efficientbMUs by
optimizing the weightsthen the methodompares all other DMUslativeto these The optimal
weights also ensure that the relative efficiency scores will not be greater than one (Charnes et al.,
199). In this way, the weights for each DMU are Pareto optinjGhmarnes et al., 199Cooper,
Seiford, & Tone, 2006)Thatis, achievingthe maxmum(i.e., optimum)nput and output
weights foreachDMU s done in such a way that none of t
inadvertentlyworsered The PareteKoopmans definition of efficiencglsodescribeghis
relationship, statinghat when this condition is mahe DMU is then considerddlly efficient
(Cooper, Seiford, & Tone, 2006).
Regardless of which weighting systemisysedi t i s t he comparison o
efficiencyrelatvet o anot her DMUOGSs e frahking of BMUsYsedtitch at r es ul

evaluate individual performanedth regard tcefficiency, tis relative efficiency(g) ranges
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between zero anohe(0¢ g @) with themaximum or optimaéfficiency ratingbeing onei(e.,
g =1; Charnes et al., 199. In orderto consider any DMU to beareteKoopmans optimal

(i.e., fully efficient) two conditions must be met. First, the technical efficianagt equal one
(i.e., ¢ =1) and secondhe input 5 ") and outpu{s™ ) slack variables must be zeiie(,

s =s" 0; Zhu, 2003 Cooper, Seiford, & Tone, 2006Jhe slack variables” representsray
inputsurpluswhile the slack variabla™ represents the outpshortage (Cooper, Seiford, &
Tone, 2006)A situationcan occur in whicta DMU isconsidered to benly weakly efficient
This occursvhen the DMU lies on the effient frontier(thus ¢” =1), but eithers” or s does

not equal zer@Zhu, 2003) In this casethe nonzero slackepresents the necessary change in
either input output or both that wouldheed to be made in ordernt@ke the DMU fully
efficient. When a model contains weakly efficient DMUs, it is an indicator that more than one
optimal solution exists (Zhu, 2003).

As stated in Issue 4 abovieeunits of measure do notfatt themeasure of efficiency
In other wordsthe efficiencymeasures units invariant(Cooper, Seiford, & Tone, 2006). That
is, each input and output can have different or varying units of mehsitiremain the same
across DMUsHowever, wen therelative efficiency for a DMU is calculated, the units
(regardless of what they are) candeaving a undessefficiency measuremenmthich isthen
comparableo otherrelativeefficiency measurement€ooper, Seiford, and Tone (2006) referred

to thispropertyas theUnits Invariance Theorem
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Returnsto-Scale

The economic concept oéturnsto-scaleunderlies the DEA model. This concept
describes theroduction frontier(i.e., efficient frontier) which can either be constant (resulting
in proportionalchanges to the output in response to changes in the input) or vaCiabgtant
returnsto-scaleare referred to as CRS whilariable returnsto-scaleare referred to as VRS.

Thebasic CCR model assumes Ci3arnes et al., 199. In other words, for thECR model,

the production possibility séiasCRS if for a set of feasible poin(s<, y) another set of feasible

points (tx, ty) exists for any positive scalar(Cooper, Seiford, & one, 2006). An offshoot of

the CCR modelthe BCC model (named after DEA theorists Banker, Charnes, and Cooper)
relaxes theCRSassumptiorand instead assumes VRBat is, increasing, decreasing, or
constanthanges in the efficient fronti€€Cooper, Séord, & Tone, 2006).
CCR Model

In a tribute to Charnes, Cooper, and Rhodes, this basic DEA model is referred to as the
CCR model (Cooper, Seiford, & Tone, 2006he general form of tis efficiency modelwith
respect to maximizing the output over input ragigiven inModel (L4) below(Charnes,

Cooper, & Rhodes978)
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S
a ur er
Maximize =——
a ViXo

i=1

Subject to

a L‘Ir yrj
= ¢ (14)
avix
i=1
u vz 0
for j =1... ,n DMUs
r=1,.. s Output:
i=1...m Inputs

In this form,Model 14 is anonlinearfractional programming model which is difficult to

solve(Charnes eal. 199). Rewriting it as a LP problem(seeModel 15) allows it (or its dual)

to be solved using tremplex method

Maximizeg=3 m,,

r=1

Subject to

amy.t am
r=1 iz

i (19
ia;lnpgj =1
m p? 0
for j=1,..n DMUs wheregq is the relative efficienc
r=1,.. s Outputs mis the output weight
i=1.. m Inputs n is the input weight

In the above.P formulation,the normalization constraing 77,x =1 ensursthe
i=1

relativity of the weightsvhich must add up to 100¢@ooper, Seiford, & Tone, 2008 the
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DEA model, the weights atgpically unknown and variable while the inputs and outputs are

known and constarfCharnes, Cooper, & Rhodes, 1978he goal is taletermine th@ptimal

weights(m, nin the primal)for each DMUthat will simultaneouslatisfy the constraintéf. at
least one set of optimal weights exist (i.e?, 7where m >0 and 77 >() and theoptimal

efficiency rating for that DMU isj’ =1 then that DMU is said to be CG&ficientor Farrelt
efficient (Cooper, Seiford, & Tone, 2008}ooper, Seiford, and Tone refer to the set of ECR
efficient DMUs as theeference sesince they are used tevaluate otheinefficient DMUs.
Upon comparison, the reference set indicates how the inputs and outputs need to be adjusted in
order to make thmefficient DMU of interest efficient (Zhu, 2003).

The dual of the CCR model is givanModel 16 as follows (Charnes, Coop&,

Rhodes, 1978):

Min g

q, /

Subject to
gx,- X /120
Y/ 2y, (16)
/20

whereX is the set of input variables
Y is the set of output variabl
/ is the set of unknowveights or coefficient

BCCModel

While the CCR model determines overall efficiemsgumindCRS, the BCC model
determinegechnicalandscale irefficiengesassuming/RS (Charnes et al., 199 With this
model, technical inefficiency (i.e., waste) is removed without requiring proportional changes in

the inputs or outputs (Cooper, Seiford, & Tone, 2086gale inefficiencies are the increasing or
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decreasing returA®-scale (Charnes et al., 9As stated previously, VRS allows for the
increasing, decreasing, or constant retdorscale. Thus, the efficient frontier for the BCC
model exhibits some or all of these characterigies Figuré below). The BCC model
incorporates thisonvexityconditioninto theLP modelas shown by the last two constraints in

Model 17 (Cooper, Seiford, & Tone, 2006)

Min g,
G !
Subject to
GsX, - X120
Y/ 2y, (17
e/ =1 . -
i convexity condition thansures VR
/20y

wheree is a row vector with members elqqoeone
/ is &olumn vector of non-negative elements

Similar to the CCR modelpf any given DMU, if the optimal solution to the BCC

model is equal to one (i.eg; =1) and the slack variableseequalto zero (i.e.,s =s* =0),

then DMU, is said to be BCefficient (Cooper, Seiford, & one, 2006). Regardless of which
model is used, finding the optimal solution and subsequently, which DMUs are efficient or
inefficient, starts with the identification of a feasible region defined by the efficient frontier.
Efficient Frontier

Not only isit important to determine which DMUs are performing efficiently, but it is
also important to determine which DMdse performing inefficientlyAfter identifying these
inefficient DMUs,a projectioncan be madef thereduction ininputs and/omcreasesn outputs
required to bring their performance up to that of the efficient I{Charnes et al., 199. In

order to identify the efficient DMUgine musplot the relative efficiency ratingsnd find the
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boundaryreferred to asheefficient frontier. As the nameDbata Envelopment Analysisiplies,

the efficient frontierenvelopesheinefficient DMUs that fall outside of this boundamhile the
efficient DMUs fall on the boundarfCharnes et al., 199Cooper, Seiford, & Tone, 2006). Note
that the specifiDEA model determines the shape of this efficient frontier (Charnes et al), 199
In the case of the CCR model with CRISe efficientfrontier initiates athe originand passes
radially through the outemost DMUto envelop the remaining DMUS. In the example shown in
Figure 4 there is only one fully efficient DM8& P2, with all other DMUs being inefficient with

respect toP2.

8 Efficient P‘}, =7
5 | Frontier Pi o
6

5 |

4

3 |

5 |

1

0

0 2 4 6 8 10 12

Figure 4. CCR Efficient frontier as defed by DMU P2 (adapted from Charnes et,dl994, p.
25).

In the case of thBCC model withVRS, Charnes et al. (199 referred to this efficient
frontier as a fipiecewise empirical extremal

maximum output given by any DMU based on the input levs examplecontrast the CCR

Y
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efficient frontier in Figure 4 with thpiecewse linear production frontier for the BCC model

with VRS shown in Figure 5The convexity of the production frontier exhilst only CRS

(line segmentP2P3), but alsancreasing returngo-scale(IRS; line segmentP1P2) and

decreasing returngo-scale(DRS;line segmentP3P4).

8 |
Efficient P7
7 1 Frontier 4

Figure 5. BCC efficient frontier as defined by DMU#®1, P2, P3, and P4 (adapted from
Charnes et 811994 p.25).
Consider another example of an efficient frontier as given in Figure 6 bidkrg.the

efficient frontier isdefinedby the line connectingoints E, D, andC. Note that even though

g =1 for DMU F, it is not fully efficient as defined by Pare@opmars since the slack
variables are not equal to zero. Therefore, it is not included in the boundary of the efficient
frontier (Cooper, Seiford, & Tone, 2006). Howevettemding the boundartyeyondE andC
allows for the envelopment of the remaining inefficient DMUs. This envelopmenaadeihe

DMUs contained in it ishe production possibility setNote that the efficient frontier and
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production possibility sdbr the BCC model will always be a subset of ¢figcient frontier and
production possibility set for theCR model due to the additior@nvexityconstrainte/ =1 in

the BCC mode(as shown ilModel 17; Cooper, Seiford, & Tone, 2006)

Input 2
Py

0
¢
I

S | Efficient
1 | : Frontier

Figure 6. BCC efficient frontierand production possibility séadapted fronCooper, Seiford, &
Tone, 2006p. 57.

Once the fully efficient DMUs ariglentified by the efficient frontiereach inefficient
DMU can be examined to determine what actions would be required to impab¥bl and
make it efficient. For exampléd,a line is drawn from the origi® to DMU A (as shown in

Figure7), that line can be desbrad by two segmentsOQ and OA, whereQ is the point where

the line intersects the efficient frontiefhe ratio of these twine segmentso% A indicates the

radial (i.e., proportional) efficiencyof DMU A which can then be used to determinasv this
DMU should be adjusted in order to become fully effic{@uaoper, Seiford, & Tone, 2006).

Thus, h the example given in Figuie both inputs 1 and 2 should peoportionally reduce by
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the value ofo%A in order to increase the efficienof DMU A. Also, since the line from the

origin intersects the efficient frontier in the line segnfemin DMUsD to E, then these two
DMUs form thereference sdbr DMU A. This improvement irthe inputs and outputs fexMu
Ais simplya potential improvemenhat has been projected based on the reference set of DMUs

on the efficient frontier (Charnes et al., 499

Input 2
ey

(o
L 4
m

Efficient
= Frontier 3
0 1 2 3 4 5 6 7 8 9 10 11

Input 1

Figure 7. Determining an improveent in DMUA (adapted fronCooper, Seiford, & Tone,
2006 p. 57.
Model Orientatiorand TweStageSolution

In addition to choosing the appropriate retatmscale for the model, tHREA method
also allows the researcher to approachutiderlyingLP optimizationmodelfrom the
perspective of maximizing the outputs (i@utputorientedmodel) or minimizing the inputs
(i.e.,input-orientedmodel; Charnes et al., 1994; Zhu, 2008)th the inputoriented model, the

solution is from the perspective wiinimizing the resources or inputs in order to obtain the
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appropriate output (Zhu, 2003)he outputoriented model evaluates the DMUs from the
perspective of maximizing the output, given the available resources (i.e., ifipege modsl
are presented getherin Model 18 for comparison purposgzhu, 2003).

Input-Oriented Model Output-Oriented Model

. a.r 5. . 0 anr 5. . O
Ming- ea§ +as ¢ Max7+ ea s *tas o
Ci=1 ri - Ci=1 r 4 -
Subject to Subject to
a’x+s tg alx+s o
=1 j=1
a’y,-s 2y al’y,-s =n (18)
j=1 i=1
é/,-: 1 a/,-: 1
=1 =1
/,2 0 /,2 0
for j=1...n for j=1...n
r=1..s r=1..s
i=1..m i=1..m

Note in the objective function of both the inartented and outpudriented models, the
inclusion of e, a norArchimedean value that allows for the minimizatafing or maximization
of £ to be completed befortheslack variables are optimized (Zhu, 200B)is allows the
model (regardless of theientatior) to be solved in &wo-stage process. This first stage ignores
the slack variables and optimizgs for the inputoriented model and” for the outputoriented
model| allowing for the identification of the DMUs on the efficient fronti€he second stage
optimizes the slack variables ands’, allowing for the identification of the Parekmopmans
optimal DMUs Presented sidby-side inModel 19 are the second gmodelgor both

orientationgZhu, 2003).
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Input-Oriented Model Output-Oriented Model
Maxg s + as’ Maxg s + as’
i=1 r 4 i=1 r i
Subject to Subject to
é/ﬂﬁ;’ﬁ' :Z/)lf: é./j)gj+$ =%
j=1 j=1
aly-s =% aly;-s =ty (19
=1 j=1
a’;=1 a’; =1
j=1 j=1
/,2 0 /,2 0
for j=1,..n for j=1,..n
r=1.s r=1.s
i=1..m I=1..m

After solving both stages and identifying the efficient DMUs, ttenirtefficient DMUs
can be examined to determine what changeseressarin orderto obtain efficiencyThe
efficiency score obtained from an inpauiented model indicates how much to reduce the input
by in order to maintain the desired output and ma&e@DMU efficient (Buschken, 2007). Thus
thehigher the score in an inpatiented model, the higher the efficiency (with one being the
highest). In contrast, the efficiency score obtained from an cotprited model indicates how
much to increase the quuit by given the level of input in order to obtain efficiency (Buschken,
2007). Thus, the lower the score in an oupiggnted model, the higher the efficien@yith one
being the ideal scorehs stated before, these changessargly a projection of tk inefficient
DMU onto the efficient frontierThus,this informationprovidesonly recommendatiogifor
changeo the inputs, outputs, or botWhether those changes would actually make the DMU

efficient depends on any changeadeto other inefficient DM$. As a result, after
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implementing the changesnaw analysis will reveaf any changgin a DMUGs efficiency
occurs.
Applied DEA

Since 1978, when Charnes, Cooper, and Rhodes revealed their initial DEA model, there
have been many variants of the CCR ®iRE modelsThe DEAmethodologys being
advanced at a rapid rata.addition,new applications are being found IOEA usageacross
many industriesin an effort to catalog these various applications, several authors have compiled
bibliographies. Foexample, Enrouznejad, Parker, and Tavares (2008) compiled a bibliography
of publications relating to DEA and spanning the last 30 years of research. This bibliography
includes ovefd 600 articles and book¥o illustrate the various uses of DEW#ree recen
applications are briefly examined below.
Advertising and Branding

Bischken (2007ysed DEA to examinthe efficiency of advertising in the German
automobile industry in an effort to identify the drivers of advertising inefficiency. The author
defined agertising efficiency as the impact of advertising with respect tonibreetary
investmenin advertising The input variables included thedgetfor various media used for the
advertisementée.g., newspapers, magazines, television).dthe output vaables included
familiarity with the brandsympathywith respect to brand preferen@®nsideratiorio buy, and
purchase intentiorf’he author considere@geral DEA models, includingoth theCRS and
VRS models withboth input and outpudrientations However, since Biischken was concerned

about reducing the advertising budget (i.e., the inputs), he preferred theligmi¢d models.
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The inputoriented VRS model showed that the most efficient brands were Ferrari,
Porsche, Suzuki, BMW, and Volkswagen (Blilsen, 2007)In addition, the CRS inptdriented
model also indicated Volkswagen as the most efficient model. Buschken referred to this
agreement between the VRS and CRS models asedtiaient. An examination of the input
slack for the VRS model indicad that the inefficient brands could obtain the same advertising
effects (i.e., outputs) using significantly less brand advertising (i.e., inptis3.the DEA
methodology was useful in pointing out the possible savings in advertising dollars for those
inefficient brands.

Computer Manufacturers

Lai (2007) used DEA methodology to evalutte efficiency ofLl2 Taiwanese laptop
computer manufacturer§he purpose of this study was to develop a method of assessing
production efficiency in order to helpaiwanese laptop manufacturers remain competitive in the
global marketAfter examining 62 combinations of input and output variables, the author
determined that the model with three input variables (i.e., operating expensepenating
expenses, and epating costs) and three output varialfles, operating revenue, naperating
revenue, and assets) performed the best based on three criteria: (a) distinction power, (b)
distinction sharpnesand(c) average efficiency score (Lai, 2007). The distorcipower
estimate is based on t he whiefthe distinetiorcsharppessor e 6 s s
measure i s based on the outcomeds maxi mal ran
score, both of these distinction measures should be hidjoating an efficient DMU. Using
these measures, Lai found only four of the 12 manufacturers to be efficient. However, even

though some of the 12 DMUs were considered inefficient, seven had efficiency scores above the
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industry average of 71%. Although Ldid not describ the type of DEA method used, the author
recommended DEA as a sufficient method for determining efficiency among the laptop
manufacturers.
Higher Education

Many publicationsompare and rank universitiascording to various attribut@sorder
to attract readers and provide a service to their subsc(igrsseéJS News and World Report

http://colleges.usnews.rankingsandreviews.com/collagel he Center for Measurgn

University Performancehttp://mup.asu.edy/ The implications of these rankingse that they

could lead to more student interest, research funding, alumni donationirettose
institutions ranking the highesthe authors found that the ranking methodology used by the
different publications varies and is based on subjective weighting med3eceasise of this,
Bougnol and Dula (2006) evaluated the use of DEA to hagier education institutiorsince
theDEA mehodology uses objective weighting measwaed not subjective oneshus,

Bougnol and Dula compared the ranking results from DEA to thoSheoCenter for Measuring
University Performancé€The Centerusing the same attributes (i.e., 10 measures of isear
expenditures and performance).

Using publicly available data froifhe CenterBougnol and Dula (2006) ranked the
universities (i.e., DMUs) using a methodpeelingaway the efficient layers (i.e., removing the
efficient variables from the data set) to reveal the next layer closest to the efficient frontier, and
so on. Each of these layers represents a tier. The authors found that the results of the first three
tiersof rankingsobtained using DEA closely matchedthose obtainedbyhe Cent er 6's

subjctive weighting method. However, Bougnol and Dadacludedhat the number and type
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of attributes in the model had a greater effect on the ranking results than thethwals
studied. The authors recommended that once the rhaddieemlecided, DEA should be used
to perform the rankings since it is uses objective weights.
Conclusion

The world ofanalyticsciencecan be divided into two classifications: deterministid an
stochastieonethodology The Breadticomponent of the essay examined the deterministic method
of LP which forms the foundation for tH2ata Envelopment Analysis (DEAgchniquelLP is a
popular analytical tool for determining, for example, the appropmateof products, the
appropriate schedule, or the appropriate number of units to shgpyioglocatiors, all in order
to do one of two things maximize profit or minimize cost he dual of the&.P problem has
economic applications as well. The DEA metblog)y adoptsLP andincludes multiple inputs
and outputs in order to determine the relative efficiency of one decision making unit (DMU) to
another. This information is useful in determining not only efficient DMUs but also those that
are inefficient. Indicient DMUs can be made to be efficient by changing the inputs, outputs, or
both. Thusable to use all of the available daEA provides a great deal asefulinformation
about the DMUsThe brief examination of three different applications of DEAficars that
DEA can be applied to many different industries and disciplines in order to evaluate various
DMUs. The Depth component of this essay ehmine DEA further by looking at a few

variant models, that isisingcategorical variables, incorporatinpgigment, and dynamics.
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AMDS 8521 CURRENT RESEARCHN DETERMINISTIC METHODS
Annotated Bibliography
Allen, R., Athanassopoulos, A., Dyson, R. G., & Thanassoulis, E6(19#eights restrictions

and value judgements in data envelopment analysis: Evolution, development and future

directions. Annals of Operations Research(&&), 13 34.

Summaryln this article, Allen Ahanassopoulos, Dyson, and Thanassoulis (1996) discuss
various ways to incorporate value judgments into the DEA model. Value judgments allow for the
restrictionof weights in the DEA model in order pdace emphasis on various inputs and/or
outputs. This can be accomplished indirectly by simply choosing whicables will be
included in the analysis. There are many ways that the weights can be directly restricted. For
example, the weights can be assigned based on the importance of the inputs or outputs, or they
can be chosea priori by the researcheAllen et al. presented a new DEA model that
incorporates the weight restrictiomethod. In addition, Allen et al. discusslvarious ways of
estimating the restricted weigldad interpreting the result§he authors concluded with
suggestions for further reseh in this area.

Critical Analysis The only free parameters in DEA are the weights associated with the
input and output variables. Thus, in order to incorporate value judgments into the DEA model,
the weights must be restricted or forced to be withigifipauserdefinedbounds. Unfortunately
there is not onsinglemethod of doing this but several. In addition, Allen et al. (1996) suggested
that the choice of weight restriction relies heavily on the context and/or application of the model.
While parameic methods like regression analysis or ANOVA can be used in a variety of

applications with very little modifications to the models as long as the basic assumptions hold,
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DEA is for the most part, application specific. As a result, the method of regfneights in
one application may not necessarily apply to a different application. This is both an advantage
and disadvantage of DEA. The disadvantage is in the lack of a standard method that is
independent of the cont e xflexbilty Allenechal pravilidaa ge i s
comprehensive overview of incorporating value judgments into DEA and encourage the
discussiorof incorporating value judgmebl suggesting areas for further research.

Value Statement his article provides aomprehensive in depth overview of DEA using
value judgments. Although the authors do not offer original research in this area, they do provide
a modified DEA model and make suggestions for further research in this area. This article

provides an excelleribundation for the study of DEA and how to incorporate judgment

Banker, R. D., & Morey, R. C. (1986). The use of categorical variables in data envelopment
analysisManagement Science,(32). 16131627.

Summaryl n traditional DEA, fipeer o DMUs are co
relative efficiency. This comparison uses multiple inputs and outputs modeled as continuous
variables (the ALPO nature of DEA) over which
controllable variables Banker and Morey questioned the use of certain demographic variables
in this continuous format since these types of variablesr{oa.¢gontrollable variabley
typically consist of observed values that could be usedtocateger one or mor e Mfdna
characteristicso of the Tboussneorderincoporde (e. g. , m
categories into the modd&anker and Moreynodified the basic DEA methodology to include
the use ohon-controllablevariablesexpressed ithe form ofdiscrete(i.e., binary)categorical

variables This modification ensures that even if there are multiple categories, only those DMUs
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that fall into the same categoriesbelowwill be evaluated against each othBo.accomplish
this, Banker ad Morey first split thebasicLP constraint for inputéEquation 20) into two
constraintd one for controllable variables and one for saamtrollable variabless€eEquatiors

21and 22, respectivelyesulting in a twestage LP model.

N
alX+ts =X,
j=1

fori=12,..m inputsand = 1,2,N, DMuUs
Where (20)
/, 's are the unknown weights

X; s the vector of input vables

Z, is the technical efficiey for thej, 'th DML

N
a’ X;+s =4 X% (controllable variables constrgi (21)
j=1

fori=1,2,..m " inputs

N
al’ X, +s =X, (non-controllable variablesrsiraint) 22
j=1

fori=m ' '+lm "' £,...m inputs

Next, Banker and Morey replacekle constraint for theorncontrollablevariables with
k constraintgo describeeach ofthe k +1 levels of thenon-controllablecategoricalvariable

(Equation23).
% (29

Thebinary variablesepresented bﬂﬂ would restrict the DMU comparisons to

categoriest the same level or belowhe authors evahted their model using real demographic
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data and addressed the issue of sensitivity and rmteder LP for models with categorical
controllable variables.

Critical Assessmen¥When comparing this modified DEA model (where the demographic
variable is ctegorized or discretetized) against the basic DEA model (where the same
demographic variable is treated as continuous), Banker and Morey showed that the modified
model resulted in fewer DMUs being compared together due to the category restriction
constraints. Even sothis modification did nosignificantlyaffect the number of DMUs being
designated as efficient (i.e., an efficiency rating of one) when comparedrortiteer of
efficient DMUs for thebasic model. However, the technical efficiency scoreskghtly
higher in the modified model while the adjustments needed to make an inefficient DMU efficient
(i.e., percent increase or decrease in resouregglined about the same when compared to the
basic model resultdf these differences were the ormgnsideration, it would seem that there
would be no need to use the modified model. Howekierptost striking differendaetween
modelsoccurred in th@verallranking resultsDue to the more restrictive approadte t
modifiedmodel 6 s rankings did not always agree wit|
Thus, thanclusionof categrical variables results irankings that are more reflective of the
demographidifferencesdue to thdorced comparisons of DMUs in likslenographiccategories
(le.,Ait r ul PMUs)Sncedhegyoal of DEAIs to compare similar DMUSs, it would seem
t hat Banker and Mor ey6s mo d.iWhenextendedta e | result
categorical controllable variables (i.e., the miketgger LP problem), Banker and Morey
present a model but do not test the model with actual data. As a result, this leaves the authors

open to criticism as seen in the article by Kamakura (1888ussed further below
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Value StatemenThis study was a criticalitning point for Data Envelopment Analysis.
By incorporating discreteariables, Banker and Morey expanded the applicability of DEA and
opened the door for further research in this area. The authors presented a thorough examination

of this model that wasasy to follow and contributed greatly to the growing field of DEA.

Basso, A., & Funari, S. (2003). Measuring the performance of ethical mutual funds: A DEA
approachJournal of the Operational Research Society5$4521 531.

SummaryBasso and Funautilized a categorical DEA model in order to incorporate the
performance indicators with respect to the ethical nature of mutual funds (i.e., the DMUS).
Mutual funds that consist of socially and environmentally responsible businesses and
organizations areeferred to agthical mutual funddnvestors typically choose ethical mutual
fundsa priori based not only on their risks and returns (which tend to be higher and lower,
respectively, than neathical mutual funds), but also on their social impact. Ieotd include
this ethical aspect as a variable of mutual fund performance, Basso andaRahared fifty
randomlychosen mutual funds (30 nathical and 20 ethicalltilizing a simple tweoutput
DEA model, a model in which the ethical variable was incorporated as an exogenously fixed
output variable, antdoth a binary and multiple leveategorical DEA approacfihe inputs
included thesubscriptions costs, redemption costsl ask measures. The outpunsludedthe
expected return and the categorical ethical varidbMonte Carlo simulatiomvas used to
generate the values of the input and output variaBlesposite performance indices were
compared to determine the appiiape model. High correlations occurred between the simple

two-stage model and both categorical models and between the two categorical models. The
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authors concluded that the categorical models were more appropriate for evaluating ethical
mutual funds.

Critical Assessmenih measuring the performance of ethical mutual funds, Basso and
Funari create multiple indices to represent each of the DEA models under investigson.
comparing these model$iet authors recommended using a categorical DEA modalfeda
allowedfor the inclusion of the ethical variable and thus more information. However, these
models were highlgndpositively correlated to the simple tvabage model. Thus, if the two
stage model gives similar resultisis malel would be the bettehoice from the perspective of
parsimony.The authors stop just short of giving any further recommendations or suggestions for
further studiesHowever, gce the dataveregenerated from a Monte Carlo simulation, perhaps
the next step would be to anagdyrealworld data to see if those results would concur with the
simulation results. Another area of concern is the use efdheontrollableethical variable as
an exogenous fixed output variabfdthough output variables can be noortrollable
categoical variables, incethe choice of ethical mutual fund is maaeriori by the investar
perhapst should be includeds an input variableather than output variable

Value Statementhis article presented an interesting viewo the world of mutuafunds
and specificallyethical mutual funds. Based on specific DEA models, the authors created several
new performance indices based on DEA that could be used to determine ethical mutual fund
perfor mance. I n that r es puitfailstogrdvidesanyaubdtant@all e 6 s
conclusions about which method is best. However, it is useful to show the application of

categorical DEA to realorld situations.



45

Grifell-Tatjé, E., & Lovell, C. A. K (199/). A DEA-based analysis of productivithange and
intertemporal managerial performanéanals ofOperations Researcir3, 177 189,

Summarylin this studyof dynamic DEA method<Grifell-Tatjé and Lovell evaluated
trends inintertemporalmanagement performance and productivity of Spanish Hemks1986
1991. They did this using a thregy decomposition of the Malmquist productivity inéex
Since the distance functions used in the Malmquist index are reciprocals of DEA indices, the
Malmaquist productivity index can d@oken down (i.edecompsed into componenmeasures
productive efficiency over timmagnitude of technical changendadaptation to technical
change biagEquation24) using DEA Thus in order to calculate the Malmquist productivity

index, each of the component indices must the found.

+1 1 B
M! (x‘, v, X"y ’*) = %tyty[)) (a measure of techniefficiency)
3 % (a measure of technical chehg (29
g D! (Xt+1, Y il) 8
\ éDt+1(Xt t yt 1+) O o )

é D! (x‘, y‘) l:J(a measure of bias in technichhnge)
u

§ 0 (<) ¢

Grifell-Tatjé and Lovell utilized a variable returns to scale BCC DEA model to determine
within-period and adjaceigeriods efficiency measures for each DMU (i.e., Spanish Bank). For
the DEA models, inputs included the number of employees, materials éxpesidand direct

expenditures on building and depreciation while the outputs included the number of loans,

2 The Malmquist productivity index measures changes in productivity between pesiudis-1
using a ratio of distance functions for the two adjacent periods. Thus, it measures changes in
productivity over time.
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number of checking accounts, and number of savings acctlsmsg) the DEA efficiency

indices, he Malmquist productivity index showed that proakitt at the Spanish savings banks
declined over time. In addition, although technical efficiency improved over time, the technical
change index declined whitae bias of technical change remained relatively the same.

Critical Assessmenthe authors deVeped a novel approach using the Malmquist
productivity index to determine the efficiency of Spanish savings banks over time. The Spanish
government had recently deregulated these banks. Although the authors concluded that DEA is
useful to determine prodtiee efficiency, it would have been interesting to see how the act of
deregulation itself affected the efficiency of the banks and whether this method truly did measure
productivity over time. This could have been done with a simple pre and post testpthat
examining the efficiency of the same banks before deregulation and again after and then
comparing them.

Value StatemenGrifell-Tatjé and Lovell (1997) illustrated an additional use of DEA by
measuring the change in productivity over time usighialimquist productivity index. This
shows that DEA does not have to be usteidtly on static measurements hsiflexible enough

to showdynamicchanges in data as well.

Jaenicke, E. (2000). Testing for intermediate outputs in dynamic DEA modelsirficgpfor
soil capital in rotational crop production and productivity measJdmsgnal of
Productivity Analysis, 1), 247 266.

SummaryJaenicke showed how dynamic DEA can be applied to rotational crop

production (i.e., rotating crops in order to pwod a higher yield of each crop) in order to allow

for the effect of intermediate outputs such as soil cafpiea) soil quality) When crops are
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rotated, a higher yield or production can occur due to a-caey effect and/or joint production.
As a resilt, Jaenicke sought to account for the rotation effect in the DEA model by using
dynamic DEA with soil capital as an intermediate output. As a comparison, Jaenicke also
examined the DEA model without incorporating soil capital (i.e., a myopic modelhdén
determine which DEA model was the most effective, Jaenicke analyzed the Malmquist
productivityindex for each modelnd performed statistical tests of significance. Both DEA
models were applied to a rdde example of crop rotation. The resultslicated a significant
difference between the two models. Thus, Jaenicke concluded that the dynamic DEA model was
the best model because it incorporated soil capital as an intermediate output.
Critical AssessmenThis studyillustrated the need for dynaerDEA in situations where
there is a dependency among time periods (such as in the case of crop rotatb@ e ni c ke 80 s
argument for including soil capitak an intermediate outputthe dynamic DEA model was
backed up with evidence from the Malmquistgurctivity index and its component indices based
on real crop rotation data where the plot is the DMk hypothesis tests also add another
comprehensive dimension to DEA and allow for a comparison of DEA mdd#isugh the
DEA models and supporting cdrants were well defined, the author did not go into great detail
about the actual inputs and outputs. Thus, even though the data are available for further study, it
would be difficult to repeat this authords an
Value StatemenThis study provide an excetint application of dynamic DEA and
shows that there is a need for incorporating soil capital as an intermediate output. It also shows

that hypothesis tests can be performed on the Malmquist productivity indices in order to
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determine significand i f f er ences i n the DEA model s. Il n t hi

to the body of knowledge concerning DEA and especially dynamic DEA.

Kamakura, W. A. (1988). A note on Athe wuse of
an al WanagememEcience, 3@0), 12731276.

Summaryl n evaluating Banker and Moreyods (1986
discrete categorical variables in Data Envelopment Analysis (DEA), Kamakura agrees with the
initial findings, but disagrees with the applicatiomtixedinteger LP models. In mixehteger
LP models, the categorical variable is a controllable (output) variable and the category levels are
considered sequentially from low to high as ensured by the constraint surrounding the binary

slack variables @.,t,_, -t 20). Using a small problem to illustrate, Kamakura showed that the

mixedinteger LP model does not accurately compare DMUs due to this constraint. Kamakura
offered a modification to this constraint in order to make sure thesgglucomparison occurs
only after improvements in the discrete output occur. This modified constraint is:

t-t, &,, W, Evenwiththis modification, Kamakura gives two limitations: (a) viritual

DMUs are not allowed (i.e., categories canm®icombined to create a new virtual DMU), and
(b) inefficiencies resulting from the continuous variables cannot be identified.
Critical AssessmenKamakura identified herro® (i . e. , t hieBaakprpr ox i meé
and Mor ey 0 s-intederdLB Bigdeomdategerdtal controllable variables. Kamakura
illustrated the error with a small problem (something Banker and Morey failed to do) and
showed that the results do not accurately identify efficient DMUs. Even though this small

problem of five DMUs withone input variable, one continuous output variable, and one
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categorical output variable with =3 categories adequately illustrated the problem, the author
perhaps should have considered a larger sample with more categories theseéfétct is as
pronounced. It is also interesting that the author chose to modify the constraint containing the
error rather than just remove it as suggested later by Rousseau and Semplal¢b38983ussed
in this section

Value Statementhis artick contributes to the continued discussion of the application of
DEA by providing modifications to an existing formulation. Thus, this article should be
considered along with the Banker and Morey (1986) study since it offers additional insight into
the useof categorical variables in DEA. In addition to offering an improvement, the article

points out other possible areas for further study.

Lins, M., AngulecMeza, L., &da Silva, A. (2004). A mukobjective approach to determine
alternative targets in data envelopment analysisrnal of the Operational Research
Society 5610), 10901101.

Summaryln this article Lins, AnguléMeza,andda Silvaevaluated nomadial pojection

DEA methods (i.e preference structuresxdmulti-objective linear programming &OLP) in

an effort to incorporate value judgment in DEA modé&Mhereas preference structure models

require subjectiva priori weight bounds, MOLP allows the weights to be mag®steriori

MORO (multi-objective model for ratio optimization, a modification of MOldromplishes

this through the specification of individual objective functidrone for each input and output,

resuling in a more efficient targét.e., point on the efficient frontierThe MORGD model

extends this concept to include the dominance of the target over the.[DMbl et al. showed

that in the situation whergé (thefactor refle¢ing theincrease in value of outputequired to
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reach the targegnd,, (thefactor reflecting thelecrease in value of inputequired to reach the

target)are unboundedhe MORO and preference structures methods gave egptivabults.
However, the advantages of the MORO model far outweigh those of the preference structure
model. These advantages include: (a) only a single iteration is needed to obtain the non
dominated solutions, (b) the useapposterioripreferences, (dhe ability to map the weight

ranges forf, and; . onto the possible targets (i.e., indifference regions) in order to reveal a more

objective preference structure. Thus, Lins et al. preferred the MORO nooaeisn an
integration of MORO with the subjective preference strustoredel.

Critical Assessmentins et al.described the use of MOLP and preference structures to
obtain nonradial projectionsn DEA. In doing so, lhe authors provided adequate documentation
of the MOLP model derivatioandfurther modifications (e.g., MORO and MORD). Lins et
al. showed that the MORO model was equivalent to the preference structurehovdsler, f
the two models are equivalertigtquestion arises as to which model to uses et al. argument
for the MOLP method based on its advantages over preference structures model is very
convincing. However, every method has its disadvantages and the authors did not include any in
the discusion.Thus, although the documentation and example were adequate, this method
should be examined further to verify that thposterioriweights indeed provide better results
than thea priori weights.

Value StatemenThe MOLP and preference structuresdals described blyins et al.
aretwo examples of DEA models that give a@adial projections onto the efficient frontier
based on eithex priori or a posterioriweights selectionThe study presented here provides

valuable documentation in this area ahdws that the DEA methodology continues to be
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adapted and modified in unique ways. Thus, this article contributes greatly to the study of the

incorporation of judgment in DEA models.

Liu, C., Jung, C.& Chen, C. (2004). Incorporating value judgment® idata envelopment
analysis to improve decision quality for organizatidournal of American Academy of
Business, @/2), 423 427.

Summaryln an effort to eliminate the subjectivity wkights restrictions fonput and
outputvariablesn a DEA modelnvolving value judgmentd.iu, Jung, and Chen proposad
method of incorporating both subjective and objective weights. This method results in weights
that are more representative of the nature of the DMU. This method first determines the weights
subjecively using the opinions of expeng the Analytic Hierarchy Process (AHMext, a
CCR DEA model is utilized to obtain the objective weights. Liu et al., odtbnerules to
determine if the objective weight, subjective weight, or a weighted avefr#ge two is the most
appropriate weight for that variabl®nce theappropriateveights have been determined
following these rulesthey are used ia separat®EA model to obtain the relative efficiency
rating for each DMUThe advantage of this method is that expaetermine thsubjective
weightsand their prioritiesHowever, this is also a disadvantage because each expert will have
their own level of expertise and therefore opinion. But, Liu et al. believedlkainng an
unbiased set of weights for the DEA model is achieviisteugh the use of this interactive
model

Critical Assessmentiu, Jung, and Chen provide an interesting compromise to the
problems surrounding the incorporation of subjective weights riéstrin a DEA model. The

appropriate weight will either be a subjective weight, objective weight, or a weighted average of
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the two based on some simple evaluations with respect to weight priorities. The rules are
straightforward and seem simple to use. ®hly concern about the rules involves the weighted
average. The authors recommend using a weight of 0.5 to give equal weighting to both the
objective and subjective values. However, the authors do not state why they chose 0.5 and not
some other value. Would be interesting to see if other weights would provide better indexes.
Value Statementhe study byLiu, Jung, and Cheoontribute to the continued discussion
of DEA, especially with respect to the incorporation of value judgment. Whereas othes studie
along this line of thought have examined only subjective measures, this study provides an
interesting twist in that it utilizes botlbctive and subjective weights in such a way that the

resulting weights are unbiased and provide better relativeegfégiratings.

Nemoto, J., & Goto, M. (2003). Measurement of dynamic efficiency in production: An

application of data envelopment analysis to Japanese electric utiiitiesal of

Productivity Analysis, 1(@), 191 210.

Summaryln a previous studgn dynamic DEA Nemoto and Goto (1999) determined
dynamic productive efficiency using variable and gdixgid inputs. Since quasixed inputs are
not completely consumed in the current time period, the remainingfiuesinputs are treated
as outputs at thend of the time period. As a continuation of that study, Nemoto and Goto (2003)
used an intertemporal dynamic DEA model under the assumption of constant returns to scale, to
analyze data from nine Japanese electric utility companies over severgll984rd995) The
resulting dynamic productive efficiency model was expressed in terms of an LP problem in

which the objective was to minimize the intertemporal efficient frontier of costs variable

inputs (i.e., fuel and labor) and three guased inpus (i.e., generation plants, transmission
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facilities, and distribution facilities) were utilized in this study along with two output variables
(i.e., electricity for commercial and industrial use and electricity for residential use). Nemoto and
Goto deterrmed overall efficiency (OE) by decomposing it into static efficiency (i.e., technical
efficiency’ and allocative efficienc) and dynamic efficiency. The authors found that under the
assumption of constant returns to scale, Japanese electric utilityraespeere efficient for the

most part. Any inefficiency was due to thmeo d eirlaldilisy to optimize the quadixed inputs.
Because this is the case in static DEA modelsetfesuls may be biased, leading to an

erroneous adjustment of the quaised input variablesTherefore, dynamic DEA models should

be used when quaBked input variables are preseBimilar results were found for an analysis
under the assumption of variable returns to scale.

Critical Assessmenthis article presenean appl i cat i previous{1999he aut |
article concerning a dynamic DEA model. In this study, Nemoto and Goto (2003) addressed the
efficiency of privatelyowned Japanese utility companies. The authors provided an exhaustive
proof of thedynamicDEA model and its measure of overall efficiency. Indeed the mathematics
were very sophisticated and not for the novice DEA user. Thus, in that respect, the article was
hard to follow. However, since dynamic DEA is a relatively new extension of DEA, thesproof
were a necessary component of this papeerall, the study was very thorough and even

presented some thoughts for further study.

® Nemoto and Goto (2003) defined technical efficiengyY as fit he | evel of po

incostsresultip f rom a uniform radial contr@omt@on of
with g* =1 being perfectly efficient.

“All ocative efficiency (or price efficiency) ¢
inputs were adjusted to optimal levels along the shartn i soquant o0 ( Nemoto &

197). Allocative efficiency also ranges between zero and one.
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Value Statementhis study was extremely important because many types of industries
incorporate both variable and quéisted inputs in their production or service procésswever,
this study by Nemoto and Goto (2003) showed that the -gjxasl inputs cannot be ignored
withoutresulting inpotential bias. Thushis article showed that it is important to utilize a
dynamic CEA model (under either variable or constant returns to scale) whenever the use of
quasifixed inputs is possibldn addition, this study further contributes to the expansion of DEA

as an analytical tool for measuring efficiency.

Podinovski, V. V. (2005)The explicit role of weight bounds in models of data envelopment
analysis.The Journal of the Operational Research Societ{]1 26 1408 1418.

SummaryThe method of using weights restriction to incorporate judgment into the DEA
model has manlmitations Thus, Podinovski described a method of incorporgtidgment

through the use of traesffs. Tradeoffs are judgment statemerfesg.,if X, is increased by one
unit, X, can be decreased byo units) that are better than weights restrictions because the

bounds are not arbitrarily determinddhe use of tradeffs results in an expandg@doduction
possibility set (PPS$put the radial measure of efficiency is still measurable and realistically
meaningbl. Thus, the changes necessary to make an inefficient DMU efficient, are
technologically realistic (i.e., implementable from a technological standp8inte DEA
software programs are not yet capable of incorporating-tviidénto the modein an autonated
fashion Podinovski suggested to first determine the t@ffie then convert them into equivalent
DMU-specificweight boundsThus, unlike the weights restriction method, in this method

different DMUs may have different bounds.addition, the tragtoffs method can be applied to
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DEA models under the assumption of either CRS or VRS. Podinovski concluded by offering an
example to illustrate the method of traofés.

Critical AssessmenThis article provides an alternative to the use of weightsctstrs
to incorporate value judgments in the DEA model. As such, it is a novel approach that tries to
determine the weight boundsa more subjective manner. However, it was unclear exactly how
the tradeoff statements would be determined and how maatgsstents are necessary. One of
the advantages of this model over the weights restriction model is thabffadeay be used
with the DEA model under VRSince the weight bounds may vary from DMU to DMU
Podinovski should have given several more exangdlésdeoffs and how they can be
determined. Also, it is uncertain exactly how many traffe is best or even enough.

Value StatementThe discussion of how best to incorporate value judgments into the
DEA model continues with this research stutllyis studyis importantand contributes to the
discussiorbecause it provides an alternative method to the previously described weights
restriction methodin addition, this new method does not have as many limitations as the
previous methoddn describingtts new met h o ddjscussiordof timeprosakd cons
of utilizing tradeoffs versus weight bounds, brings to light the difficulty of determining a

suitable method for incorporating value judgmeansd the need for further research

Rousseau, J. X, Semple, J. H. (1993). Notes: Categorical outputs in data envelopment analysis.
Management Science, (39, 384 386.

SummaryRousseau and Semple revisit the mikgteger categorical model first
proposed by Banker and Morey (1988) and later modified by Kamakura (1988) in order to offer

an alternative fix for the error in the original Banker and Morey model first pointed out by
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Kamakura. Rather than modify the constraintler contention (séequation 2%, Rousseau and

Semple suggested simply removing the constraint and replacing theittonstraint ifequation

26.

t,-t 20
forl=2,...] -1
wheret, are © 1intege

N
a/qu' -9 :ViV,jo
j=1

forj=1,...N DMUs
i=1..l1,l -1
where/; is the weight fgr th DMU

w; is the th component of thesdeptor variabls

S represents the real valuedalsles

(25)

(26)

With this replacementhe sequential nature of the categories are preserved when

comparisons are made (a requirement of Banker and Morey). In addition, as the composite DMU

group is formed in order to det ernathadaogyt h e

allows the category levels to be mixed while still maintaining the hierarchical baftom

category structure. This is similar t

(0]

the composite group using a tdpwn categorical mix. ThufRousseau and Semple believed that

their modi fication was a better sol ut

r ef
Banker
on to t

Critical AssessmenRousseau and Sempleds modificat.i

original mixed-integercategorical DEA model prvides an alternative fix froda ma k ur a6 s

(1988). I n doing so, Rousseau and Semple poi

describing their own modification, Rousseau and Semple provide only brief explanations and

on

n
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assume that the reader calidw their leaps in logic. In addition, they do not offer any proof (in

the form of a real example or otherwise) that their methodology is valid and accurate. Even so, it

is a novel approach that is more inedalign wit

modeb whi ch begs the question as to why Banker
Value StatemenAs society changes, societal problems change. Thus, different problems

require different methods of finding solutions. Therefore, it is not uhwgweEna new

methodology is first presentetthatit is critically analyzed and modified by peers in that field.

That is the case with the categorical DEA methodology first presented by Banker and Morey

(1988). Thus, this discussion and further modification by Rousseau and Semple continues to add

to thebody of knowledge in this area. As such, it brings to light the need to continue refining this

DEA model and the fact that the discussion is not over yet.

Seiford, L. M., & Zhy J. (2003). Contexdiependent data envelopment anafydideasuring
attractiveness and progre§smega, 3(5), 397 408.

Summaryln order to incorporatealue judgment in the form @onsumer choice theory
into DEA, Seiford and Zhu suggested dividing teeaf DMUs in the production possibility set
into multiple levels of efficient frontiers insteadjaét one efficient frontier. This will allow for
acontextdependentomparison of a DMU in one frontier with the DMUs in another frontier in
order to detanine relative attractiveness (if the comparison is made with a lower performing set
of DMUSs) or relative progress (if the comparison is made with a higher performing set of
DMUSs) with respect to consumer choice theodrfiese indices are affected by thepshaf the
efficient frontier (i.e., evaluation context), the number and type of inputs and outputs, and value

judgments in the form of traeldfs. Seiford and Zhu created the multiple efficient frontier levels

a
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by first analyzing the basic CCR model anditihemoving the DMUs on the efficient frontier.
The reduced set of DMUs is then analyzgigling a new efficient frontier. The DMUs oneh
efficient frontier of thissecond level are then removed from the model and the process is
repeated until no DMUs ateft. Judgment is incorporated into the model usirgiori
information and usedefined weights.

Critical AssessmenSeiford and Zhu provided a novel modification to DEA that not only
incorporated consumer choice but value judgmegwilting in acortext-dependeniodel that
is more versatile than the basic CCR or BCC modids only was their methodology logical
and easy to follow, but the results provided valuable information for the researcher with respect
to relative attractiveness or progresstef DMU. The authors provided a welbcumented
example with detailed explanations of the results. It is obvious that this methodology would
appeako DMUs that are not only interestednelative comparisondutare also sensitive to
consumer choice.

Value Statement his model takes DEA one step further by incorporating consumer
choice theory to obtain a relative attractiveness or progress index for eachlm&tpreting
these indicess similar tointerpretingarelative efficiencyindex yet another dimensidmased on
consumer preferen@nhanced with value judgmenssalso available for interpretatiohus, it
would seem that this methodology would be Veepeficialto any DMU(e.g., a university)hat
is interested in a consumeriented comparisonsingvalue judgmentdviore importantly, the

methodology can be computerized.



59

Sueyoshi, T., & Sekitani, K. (2005). Returns to scale in dynamic [Haropean Journal of
Operational Research, 162), 536 544.

Summaryln an effort to exted the work of Nemoto and Goto (1999), Sueyoshi and
Sekitani (2005) incorporated returns to scale (RTS) into the dynamic DEA model by adding a
constraint that avoids the assumption of constant returns to Asaeesult, the RTS dynamic
DEA modelmakes alistinction between the variable inputs and gdiasid inputs in the
objective function. Using the dual LP model to solve for the optimum number of outputs,
Sueyoshi and Sekitani determined that the resulting solutions to this model may not be unique
dueto the range of values considered as constant RTS. However, the RTS can be determined
using this model. Sueyoshi and Sekitani considered this study to be a continuance of the dynamic
DEA discussion and encouraged further studies and applications ingis a

Critical AssessmenThis study provided a unique perspective to the discussion of
dynamic DEA by incorporating the concept of RTS. As such, the authors contributed greatly to
this discipline. However, the authors pointed out that this gy povides a theoretical
basis for RTS dynamic DEA and suggested that more research needs to be done to show the
application of such a model. In addition, the authors encourage more research and discussion in
the area of dynamic DEA. As the authors suggestgthmic DEA is still in its infancy and
needs much more research in order to show its applicability to business and industry.

Value StatemenThis article contributes significantly to the theoretical discussion of
dynamic DEA. The authors presented orajiresearch in this area by incorporating the RTS
concept into the model. In doing so, the authors also encourage further research and discussion in

this area of DEA.
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Thanassoulis, E., & Allen, R. (1998). Simulating weights restrictions in data enveibpme
analysis by means of unobserved DMWM&nagement Science, (44, 586 594.

Summaryln this article, Thanassoulis and Allen presented an alternative method for
incorporating value judgments in the DEA model as compared to the weights restriction model
presented bAthanassopoul os, Dyson, and Thanamodebul i s |
utilized unobserved DMUSs (i.e., DMUs that result when the hgoput levels of the observed
DMUs are varied) to extend the efficient frontier, ensuring that all observed DMUs are properly
enveloped. Unlike the weights restriction model (which @iapbleonly under the assumption
of CRS), the unobserved DMUs model can be applrater the assumption 6RS or VRSIn
an attempt to simulate the weights restrictions, Thanassoulis and Allen lesk&at of
Unobserved DMU$FSUD) and &educed Setf Unobserved DMUERSUD). The FSUD
method results in duplicate DMUs that are identified and eliminated using the RSUD model and
the concept of super efficiency. The authors conclude that the unobserved DMUs method is
better than the weights restriction tmed because it frees the researcher from having to specify
the lower bounds for the output weights. Other advantages of the unobserved DMUs model
include the fact that only local preference information (i.e., for individual DMUS) is required and
this modéis able to capture nonlinear marginal rates of substitatsowell as maintain the
radial measure of efficiency

Critical Assessment.hanassoulis and Allen presented a compelling argument for the use
of unobserved DMUs over weights restrictions inepri incorporate value judgments into the
DEA model. However, the authors stated that the choice of method is really a matter of
preference by the researcher. In other words, there are advantages to using either and the choice

of method is basicallgontext-dependentThe authas used an example from a previous study
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but gave only limited summary information to show that the method worked. A more detailed
example would have supported their claims much better. In addhi®order of the
presentation ofite material in this article was confusing and difficult to follow.

Value Statementhis article provides an interesting addition to the discussion of
incorporating value judgment in DEA. It presents a method and then compares it with a different
method.By doing so, the authors challenge the reader to look further into this relatively new

application of DEA and to continue the discussion.

Worthington, A. C., &Dollery, B. E. (2002). Incorporating contextual information in public
sector efficiency analysis: A comparative study of NSW local governmpptied
Economics, 3@), 453 464.
SummaryWorthington and Dollery applied DEA to 173 local governments in New
South Wales, Australia (i.e., the DMUs) by comparing six different DEA methodologies in
which discretionary and nondiscretionary variables were treated in a combination of ways (e.g.,
as ategorical variables). The authors describsdretionary variables a®ntrollable inputs
with regard to planning, regulatory, and legal variables and nondiscretivaraaiples asnon
controllableinputs with regard to certain demographic, socioeconacamid geographic
variables. The discretionary outputs were measured in terms of the number of building approvals
and development approvalkhese DEA methods included singitage and twstage models in
which the nondiscretionary inputs were either leit; encluded but treated as discretionary
inputs, included but treated as nondiscretionary inputs, included as categorical inputs, regressed

on the firststage scoregyr incorporated along with other enviroental influences. The model

with the highest asrage technical efficiency score (i.e., .9453) was the model where
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nondiscretionary inputs were included but treated as continuous. The lowest average technical
efficiency score (i.e., .5287) was the environmentally adjusted model. The categorical model
ranked third highest with a mean technical efficiency score of .7058. The authors conclude that
both discretionary and nondiscretionary inputs need to be included in the DEA model although
there is still some debate as to how they should be included gientnuous variables,
categorical variables, or regressed against thesfiegfe scores).

Critical AssessmenThis article provides a comparison between several different DEA
methods in order to determine which method would best asses the efficidocgl o
governments in Australia based on both discretionary and nondiscretionary inputs. It is the
presence of the nondiscretionarynan-controllableinputs that makes the choice of method all
the more difficult. Thus, the authors selected several DEthods that would treat the
nondiscretionary variables in many different ways. This provides valuable insight into the
importance ohon-controllablevariables in DEA and showed that they should not be ignored or
left out of the model. The authors wererthugh in their assessments but did not include any of
the analysis except summary tables. In addition, the authors did not state which software
package(s) they used to evaluate the DEA models and other statistical tests. Therefore, it would
be difficult toreproduce their work or even critically evaluate it. Finally, there were several
mistakes in the text that made it difficult to follow the discussion.

Value StatemenThis article is useful in demonstrating the importanceaof
controllableinputs in CEA models, regardless of whether these inputs are treated as categorical
or continuous. Thus, it not only adds to the body of DEA knowledge, but also stresses the

importanceof the input variables i n f ontheeresaltimg technical efficiency scores.
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Although the question of which model to use remains for the most part unanswered, this study

shows that care should be taken in choosing the DEA model.
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Literature Review Essay

Introduction

Data Envelopment Analysis (DEA) is &xtension of.inear Progrenming (LP) that
allows for the comparison of decision making units (DMusipngmultiple inputs and multiple
outputs. This methodology results in a ranking of DMUs based on a measure of relative
efficiency. As a result, DEA is useful not only in ranking DMaccording to their relative
efficiencybut also in determining how inefficient DMUs m#nenimprovetheir efficiency
rating It is because of this that DEA has become a waportant decision making tool in such
industries as airline, banking, highefucation, defense, agriculture, health care,
telecommunications, utilities, and marketing, to name alftewever , this is not
a | deterministidechniquelndeed, each DMU and their associated industry are unique. Thus,
in order to appl this methodology tthese unique situationsiany modifications and &nsions
have been made to the original CCR mddamed afteDEA founders Charnes, Cooper, and
Rhodesyand BCC modelnamed after DEA theorists Banker, Charnes, and Cacfiez)Deph
component of this essay will examine three such modifications: the use of categorical variables
in DEA, incorporating judgment into tH2EA model, and dynamic DEA.
Categorical Variables and DEA

Many research studies include the use of discrete catabesicables (e.g., binary-0
variables) for comparison purposes. Regression analysis and analysis of variance models
adequately incorporate these types of variables into the analyses in order to determine significant
differences among the different cabeigs. However, in the case of DEtAe original CCR and

BCC modelsassume that the DMUs under study are similar in that they all fall into the same
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category (e.g., all DMUs are small nonprofit universiteesl that the input and output variables
are conhuous Thus, DEA doesottake into accountultiple categoriege.g., small, medium,
and large nonprofit universities)henevaluating technical efficiencgince constant marginal
productivity is required (Banker & Money, 1986)arginal productivity mesures the change in
an output variable (i.e., productivity) when an additional unit of a single input variable is added
while keeping all other input variables constasmder this requirementhé introduction of a
discretecategorical variable would casian unfair comparison @fo or more dissimilar DMUs
(e.g.,comparinga small nonprofit university to a large nonprofit universiffjus,in order to
incorporate categorical variables into the DEA methodology, modificstiotinebasicmodeb
arenecesary.

Banker and Meey (1986)pioneered the research into the useabegorical variables in
DEA by relaxing the constant marginal productivity requirentleait affects the convexity of the
efficient frontier thereby allowing the use of discret@riables Basic DEA models are built
around the assumption of convexity, that is, the efficient production frontier is the result of a

convex combination of th@ontinuousjnputs and outputs of all the DMWsptured in the

N
constraint § /, =1 (seeModel 27below).As a result, this efficient production frontier is
j=1

referred to abeingpiecewise linear since @nsists ofncreasing, constant, atwd decreasing
returns to scale. By includirgjscretecategorical variables into the modile new model allows
for a portion of the efficient production frontier to sienultaneouslyjuasiconcave(i.e., can

include both convex and concave portioizs)a subsebdf inputs and concave for the remaining
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(Banker & Morey, 1986)The interpretatiomf the efficiency of a DMU is still the saidethose

DMUs with an efficiency rating of one acensidered to baully efficient.

For thismodifiedmodel, Banker and Morey (1986) define tieinputs( X; ) as being
either controllablei =1, 2,... mi; wheran iis a subset of or noncontrollable
(i=mj 4,m jz,...,m)forthe j=1,2,.. N DMUs. The Y, outputs are denoted Isybscript
r=1,2,... R forthe j=1,2,... N DMUs. Banker and Mor&y sput oriented (i.e., resource

conservation) DEA mode$ given inModel 27 (Banker & Morey, 1986pp. 1615 1616)

2 mi

i : am R .8
Min h, = Z, -egas as o
i=1 r % -

Subject to

a’x+s =%% (i =12,.m)

=

N

a’ X, +s =X, (i m i 2.
j=1

N

ary,-s =, (r=12.R) 7
j=1

JN

a/,=1

j=1
/;2 0 (i =,2,..j, ,-.N)
s20s°20 (i s2..mr 12.,R)
e>0

Note that inaddition to the constraint representing controllatpeits (i.e.,

N
a /X, +s =4 X%, ; see Models 19 ar2l/), Banker and Morey (198@&)cluded a constraint

=

N

for the noncontrollable variables (i.e.,g /,X; +$ =X, ). Similar to the original BCC model,
j=1
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this modified modeis solved in two stgeswith the first stage results giving the optimal level of

Z; which can be used as a radial measure of inefficiency (Banker & Morey, 1986).

Now, consider the case where at least one ofidimeontrollablevariables is aiscrete
categorical variable witlk +1 levels. For example, considecategoricalvariable withthe

levelslow, medium andhigh. Rather than specifying one variable witliltiple levels, these
k +1 levelsareconverted intok binary variables referred to aﬁﬂaa (Banker & Morey, 1986).
Only k binary variables are needed to completely describe all afategorylevels.Thus,for
theexampe above,only two binary variablesjr(nl’)j anddfnf)j are used to describe the three

category levelg¢see Table 8).

Table8. Use ofTwoBinary Variables to Describ&hreeLevels of a Categorical Variable

Binary Variables

Level d®, d®
Low 0 0
Medium 1 0
High 0 1

In the LP model given in Mod&7, Banker and Morey (1986) replat#ne single

N
constraint representirtpe non-controllablevariables (i.e., & /,X; +s =X, ) with k
j=1

N
constraints representing each of tll'ﬁé)l binary variablegi.e., § /.d a} ¢d'd

jom, m, jo
j=1

) that creates a

composite DMU made up of DMUs in the same category or l[éeveromparison purposeBsor
example, the constraints representingléhels of thecategorical variable described abare

given in Model28 below (Banker & Morey, 1986)
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The above model results in technical efficiency ratthgs arebased on fewer
comparisons due to the restrictive nature of the binary variable constraints. Thus, the results are
more reflective of the true nature of the data.
Banker and Morey (1986) extended this modeirein which at least oneontrollable
variable (such as an output variabig)adiscrete categoricafariable(e.g., service orientation of
a facility). In this casea mixedinteger LP approach is required to evaluate relative technical

efficiency for theL categorie$l =1,2,... L) whicharesequential in natur&anker and Morey

illustrated this using aautputoriented approach (i.e., output augmentation) where the goal is to

maximize thepossiblegainfrom the categorical level of a DMBor this model,dt t, represent

the O- 1variables whilew; ; is a parametérav ect or @bH6sObbatanldescribes

category(l =1,2,... L -3 for DMU j (j =1,2,.. N) where the lowestequentiatategory is
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descri bed b yTharesultengnixedntegerfmodelas presented by Banker and

Morey is given in ModeR9 (pp. 16231624):

L-1

Max § t
=1
Subject to
N
a’lx ¢x, (i =12.m
=1
N
a’y, 2y, (r=12.R
j=1
N
a’/w, -t w, (I 42.L ) (29)
j=1
L2t (l =12, ')
N
al,=1
=1
/20 (i 4.2,..N)

where the, 's are-0 1 variables

N
In Model 29, the constraing /,w; - { =W, ensures that only DMUs of the same or
j=1

highersequenceategory levek) will be included in the compositsmparisorgroup. Since the

t 6 s Oa fLvariableg(i.e., binary slack variabk) the constraint, , 2 t ensures that

improvements on the categorical output are sequentially identified (Kamakura, 1988).

Kamakura (1988) critically examinebetBanker and Morey (1986hixed-integer model
andsuggested that would lead to inaccurate resulksamakura illustrated this withsmall
example in whicht was shown that one DMU was clearly inefficiddbwever, when Kamakura
applied Banker an dnteljeo moelel to the same&r@all ¢xample,these
resuts showed that the same DMU wasw considered to bielly efficient. Kamakura

attributed these conflicting results to the constrgine t which can also be rewritten as
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t .-t 20. Since this constraint forces theaéyation of the DMUs in sequential categories
(from low to high), if anyw; is set at the highategorylevelthenno otherimprovement can be

made orsubsequent DMUs. An alternative to this constraint offered by Kamakura is:

t-t, ®&,, W,  Ihismodified constraint ensures that the binary descriptors (i.ex the )

are sequential after improvements have been made in the discrete Bugpuivith this
modification, Kamakura (1988) admits that there are other limitations to the-mbeggr
categorical model. First, although the model can identify improvements in the categorical output,
it cannot identify inefficiencies resulting from thentinuous variableSecongthis model does
not allow forthe use ofiirtual DMUs (i.e., combining categories to create a new virtual DMU).
At hough Kamakurads (1988)Babdifancdt Monepos
mixed-integerformulation; italso resulted imdditional problems. ThuRousseau and Semple
(1993) reexami hed B-ntederecategarinatipromenr aadycénsludedithate d

the constraint causing the error (i, - t 20) should have simply beeemoved ather than

modified sincealong with the binary structure of thevariables andy parameterghe

N N
constraints g /W, -t =3y, and g /, =1 are enough tensure the sequential improvement
j=1 j=1

required by the Banker and Morey modeheresultingRousseau and Semple nifazhtion is

givenin Model 30 below (. 385. In this model,h representshe current level for DMU,

(L¢h o) ands represertthe realvalued variables.
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Max forh¢ | ¢L 1
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N
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j=1

N

a’iyi? Y (r =12.R) (30)
j=1
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j=1
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In this modelDMU |, attains ategory levelh. Assuming this DMU is not on the

efficient frontier, the necessary adjustment to achieve efficiency depends on the number of
categories that fall sequentially above it. However, rather than comparing this DMU to each
categoryRousseau and Semple (1993) gesjed that it is only necessaryntake the
comparison witlthe highestategorylevel aboveh (if there is one)ln other words, wheth? h,
an efficiency score of one is only attainable if the members of the composite referent points are
at category level +1 or higher (Rousseau & Semple, 1998)doing so, Rousseau and
S e mp madifiesl output orientechethoalogy allows for a mixing of category levels as the
referent point is formed (i.e., a combination of lower level categories and up), which is similar to
Banker and Moreyos ( blegy(Ge), acomipnation obhigheelevele d met h
categories and dowmesulting in a symmetrical methodolagy

Applications of categorical DEAVorthington and Dollery (2002) examinsix different
DEA methodologiesn an effort to determinehich methodestevaluats the efficiency ofl73

local governments iNew South Wkes, Australiawith respect to their planning and regulatory
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functions.In this study, the DMU is the local government &th discretionary(i.e.,
controllable)and nondiscretionarfy.e., non-controllablg factorsinfluencedthe efficiency rating
sinceeach local government is unique with regarthsenvironment and regioffhe
discretionary inputs included expenditures (such as planning, regulatory, and legal), and number
of full time staff while the nondiscretionary inputs includediousdemograptu,
socioeconomic, and geographic variable.g., population growth rate, population distribution,
non-English speaking population, etchhe discretionary outputs included the number of
building approvals and development approvals

The DEA approaches k&n by Worthington and Dolleri2002)are: (a)assume
nondiscretionary inputs are constant across samplemeonporate discretionary inputs in a
single-stageinput oriented DEA model; (b) incorporate both nondiscretioaad/discretionary
inputs in asinglestage input oriented DEA modelit make no distinction between the two
inputs (i.e., assume all inputs are discretiongg))treat discretionary and nondiscretionary
inputsas separate inputsllowing the twastage inpubriented BCOnodel; (d)partition the
DMUs into L categories usingategorical inputas described bBanker and Morey (1986je)
use a twestage model wheria the first stageefficiency scoresre obtainedbased on
discretionary inputsuch as those tdined in (a), then regress those scores again
nondiscretionary inputs during the second stagjeg a tobit regression mogahd (f) use only
nondiscretionary inputs in the first stage and based on those results, adjust the outputs in the
second stageith regard to environmental factors, then run the DEA model again using those

adjusted outputs and discretionary inputs
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The resultingneantechnical efficiencie¢referred to apure technical efficienci¢gand
number and percent of efficient DMUsfroMo r t hi ngt on and [astrarkedr y 6 s
from highest to lowest, are given in Tableé&ow. The results indicate that the highest average
efficiency rating (94.5%) resulted from model (b) where both nondiscretionary and discretionary
inputs werencluded in the model and assumed to be continuous. The technical efficiency rating
of Model (d) which used categorical inputs was 70.6% which was considerably lower than that
for (b) and yet better than Models (e), (a), andT(filus, even though nondistmary (i.e.,non
controllablg inputs can be treated as categorical variables; perhaps this need not be necessary.
Indeed, other simpler models produced better resttgardless of which model is used,
Worthington and Dollery concluded thedt of thedata (i.e., both discretionary and
nondiscretionary inputs) need to Ineluded.

Table9. RankedTechnical Efficiency Results from Worthington and Dollery (2@ajly

Technical Efficiency
Number %

Model Mean Efficient Efficient
(b) Basic, bothdiscretionary and nondiscretionary inpu .9453 135 78.03
(c) Both inputs, twestage input orientedBCC model .8438 109 63.01
(d) Categorical nondiscretionary inputs .7058 61 35.26
(e) Two-stage, regression .6170 0 0
(&) Basic,singlestageonly discretionary inputs .6061 36 20.81
() Environmentally adjusted twstage .5287 33 19.08

Basso and Funari (2003) applied DEA to the problem of measuring the performance of
ethical mutual funds. This type of mutual fund has as its focus, ethical or social actssties,
andbr the environmenin other words, social responsibilitfhus, mrchasing ethical mutual
fundsnot onlyallows the investor to make money, bigoto support businesses and

organizations that are socially and environmentally minHedvever, because ofithethical

(
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aspect, thee fundgend to return less than nethical funds. Thus, the investor must weigh the
social impact against performance indicators when choosing the ethical mutudlyipicdlly,
investment performance indicators only consider the returns and risk of investment. However,
Basso and Funari beliedthat he i nvestoro6s desires both for
ethically aramportantperformancdactors as wellUnlike other performance measures, DEA
methodology allows for the inclusion of these types of variabbless, Basso and Funatiose
to determine ethical mutual fund performance ufliagh and n particular, a categorical DEA
model in which thdvinarycategorical variable represents the ethical nature of the DMU (i.e.,
mutual fund).

Basso and Funari (2003) perfaedther analysis in three stagds.the first stage, a

simple tweoutput DEA modeWasused to determine the generalizikd, , performancendex.

The secondhtermediatestage incorporatethe ethical variable as an exogenously fixed vagiabl

since the investas able tochoose thethical mutual funé priori. As a resultthe outpute,

represents nondiscretionargi.e., uncontrollableyariable The third stage utilizbthe
categorical DEA approadlas presentedytBanker and Morey, 198&)ith this exogenously
fixed output.Fifty mutual funds were randomly chosen, of which 30 wereetbital and 20

were ethicalThe inputs for the this analysis were three levels of subscriptions costs, three levels

of redemption osts, and risk measures and & . The outputsvere E( R ) (i.e., the expected
return) and the categorical ethical variab|dor levelsnot ethicaj low, average andhigh.

(Note, these four levels are completely described by three binary varéiibled®, andd®.)
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The actual values of the inputs and outputs (other than the categories) were generated via a
Monte Carlo simulation.

In a previous study, Basso and Funari (2001) investigated mutual fund performance using
various DEA input and output variables and as a result, created a composite performance index
referred to ad ., ,.Themore recen2003study incluled a measure of ethical behavior (i.e.,
social responsibility) in the form of a categorical variable. Thus, the new performance measure

I en ¢ Was created to reflect this change. In addition to these measures, Basso an@G0dgri

aso evaluated indiceb,., ; (i.e., performance measure for a binary ethical categorical

variable), | .,  (i.e., performance measure for a multiple level ethical categorical variable), and

I e v (i.€., performance measure for the uncontrollable ethical variable). In each case, the index
is found by taking the inverse of the optimal value of the objective funczjgriqr the

appropriate DEA model. When the DMU s rethical (i.e.,g =0 andd® =), thenthe

following holds(see Equation 3Basso & Funari, 2003)

IDEA—l :| DEA -E :t DEA U I:DEA B I %EA ( (31)
However, for ethical funds, the following performance index relationgjies in

Model 32hold:

IDEA—l ¢ l DEA-E
IDEA—U ¢ l DEA-E (32)

IDEA— B ¢ l DEA-C
After performing the DEA analyseBasso and Funari (2003) showed that there was a

high correlation between performance indices fgy, , and I o, o (r =.941), 1., , and | s g
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(r =.985), andalso betweer ., ; and I, . (r =.957). In addition, Basso and Funari

concluded that the models in whittte ethical variables represented as a categorical variable
(i.e., either a binary or multevel exogenous fixed output variable) are more appropriate models
for evaluating the performance of ethical mutual fusidse all of the information regardinigat
fund is included in the model
Dynamics and DEA

Many DEA studies only examine a snapshot (i.e., esestion) of data at a specific point
in time in order to determinelative efficiencies fothe DMUs of interest. However, DE&
also useful for eeminingthe efficiency oDMUs over time Charnes et al. (1994) referred to
this type of dynamic time series DEA analyassvindow analysisinvolving a total ofp time

periodsover which the analysis takes pland©MUs, andw time periods in avindow. This

analysis treatsaeh time period as a separate DMbich results irl(n3 W) DMUs overall Once
the efficiencies of the DMUs are determined over the current window, the window is then
shifted forward dropping the oldegime periad and picking up the next time peridd.this way,

each window overlaps the previous windbyv(w- 1) periods This shifting of windows occurs

across all of the periods for a total (qj- w ﬂ) efficiencyanalyses (Charnes et al., 1994). The

resultingpanel of efficiency measuretould uncoveanytrends in efficiency over tim@r the
desired DMUs

Window analysiss usefulfor time series dathut has some limitationsne beinghat
the number of perats to be included in the window is subjectarel may affect the sensitivity

of the resultgCharnes et al., 1994¥hus, GrifellTatjé and Lovell (1997) sought to mogihe
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window analysis method by incorporating tlalmquist productivity indeta ratioof distance
functions for two adjacent periods that measures changes in productivity oveiSpaeifically,
Grifell-Tatjé and Lovell evaluated trends in managerial perform@mecgntertemporal
management performance) and productieitppanish baks from 19861991based on a three
way decomposition of the Malmquist productivity index. Tineedecompositiorcomponents
are (a) a measure of productive efficiency over tiid a measure ahe magnitude afechnical
change, and (@ measure of agéation to technical change biag(, a nomneutral shift in the
production frontierGrifell-Tatjé & Lovell, 1997)Each component can be either positive (i.e.,
contributes to productivity growth), negative (i@minishes productivitgrowth), or netral
(i.e., does not affect productivity growth). Howevence technical change can be either
endogenous (i.e. resulting franfluenceswithin the DMU) or exogenous (i.e., resulting from
outside influences), only the components productive efficiencyadagtation to technical
change bias are used to measure intertemporal managerial perfo(@afeteTatjé & Lovell,
1997)

The Malmquist productivity index is a ratio of distance functions which are the
reciprocals of DEA efficiency measures. Thus, ésampose the Malmquist productivity index,
it is first necessary to find the appropriate efficiency measures using DieAVialmquist
productivity index given in EquatioB3incorporates a measure of technical efficiency between
periodst andt+1 (the first ratio), a measure of technical change between periaaddt +1
(the second ratio), and a measure of bias in technical change betwees fparidd+1 (the

third ratio; GrifeltTatjé & Lovell, 1997 p. 180.






























































































































































































































