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ABSTRACT 

Breadth 

Linear programming (LP) is the most popular deterministic mathematical optimization 

method that determines an optimal solution which either minimizes or maximizes a linear 

objective function subject to linear constraints. In 1978, Charnes, Cooper, and Rhodes introduced 

an LP-based technique called Data Envelopment Analysis (DEA) that determines the relative 

efficiency of Decision Making Units (DMUs). This technique maximizes the output over input 

ratios corresponding to each DMU that are then ñenvelopedò by an efficient frontier. In addition, 

the means necessary to make inefficient DMUs efficient can also be determined. This essay 

component begins with an exposition of the foundational LP concepts needed to expose DEA 

followed by an exploration of DEA itself including the technique and its industry applicability.  



 

ABSTRACT 

Depth 

The DEA methodology continues to be adapted to fit many different industries each with 

unique characteristics. This essay examines three such adaptations via 15 annotated 

bibliographies: (a) categorical variables to deal with discrete categories of DMUs; (b) dynamic 

DEA to deal with efficiency measurement over time; and (c) incorporating judgment in the 

relative efficiency rankings attained by DEA. Through these 15 annotations, the essay explains 

that the usage of categorical variables is accomplished by relaxing the constant marginal 

productivity requirement inherent for example in the CCR and BCC models, that dynamic DEA 

incorporates the Malmquist productivity index used to compare two production economies into 

window analysis and that value judgments are attained through the use of weight restrictions and 

multiple objectives. 



 

ABSTRACT 

Application 

Higher education institutions (HEIs) vary in size, program offerings, funding, and 

religious affiliation, among others. In addition, all HEIs share common goals of retaining 

students and producing graduates (i.e., outputs). Many resources (i.e., inputs) are required to 

produce these common goals. Of particular interest is the ability of DEA to evaluate how 

efficiently the HEIs are utilizing these resources to produce outputs. This case study evaluates 24 

peer HEIs selected from a national database (IPEDS) based on three common characteristics. 

Efficiency is determined using both output-oriented and input-oriented DEA with six input and 

two output variables. Of 15 technically efficient HEIs, ten are operating in a most productive 

scale size. DEA also recommends improvements for the remaining nine inefficient HEIs. 
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BREADTH 

 

AMDS 8511: THEORIES OF DETERMINISTIC METHODS 

Introduction 

Throughout history, comparisons have been made for the purpose of assigning status or 

rank (as in the case of comparing one person against another, one tribe against another, one city 

against another, or even one country against another), estimating value (as in the case of 

comparing one product against another or one offer against another, etc.), or evaluating 

inefficiencies (as in the case of comparing similar or peer units). The methods by which 

comparisons are made can be either objective or subjective. In addition, objective methods of 

comparison can be classified as either parametric (i.e., based on specific statistical distributions 

and their estimated parameters) or nonparametric (i.e., parameter or distribution free methods). 

There are many comparison tests within each classification and the choice of method depends on 

the type of data, amount of available information, and assumptions made, among others.  

This essay will focus on a nonparametric method of comparison known as Data 

Envelopment Analysis (DEA) and its use to compare the relative efficiencies of higher education 

institutions. The basis of the DEA methodology is a deterministic model called Linear 

Programming (LP). Therefore, in order to understand DEA, it is first necessary to understand 

linear programming.  

Linear Programming 

Overview 

The goal of mathematical modeling is to describe a real-world system in order to 

effectively solve problems. Dantzig (1963) referred to this type of modeling as mathematical 
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programming. However, this type of modeling is seldom straightforward. Real-world systems 

are often constrained (i.e., restricted) by the availability of resources, which affects the desired 

objective of the system (e.g., to maximize or minimize something). But, an optimal solution to 

the desired objective is achievable by mathematically stating these restrictions using a series of 

equations (linear or non-linear equations or inequalities) and solving them simultaneously. In the 

case of linear equations with known coefficients (i.e., Deterministic as compared to Stochastic), 

George Dantzig formulated the linear programming problem in 1947 as a mathematical model 

for the planning problem and devised the simplex method for its solution (Dantzig, 1963). These 

achievements led to his titles as the "father of linear programming" and the "inventor of the 

simplex method" (Gass, 2005).
1
 While at the RAND Corporation in the 1950s, Dantzig further 

enhanced the computational strength of linear programming and found further extensions of its 

applicability (Gass, 2005). Since its inception, LP has been used extensively in such industrial 

and military applications as network flow problems, scheduling problems, transportation 

problems, blending problems, product mix problems, and even game theory.  

Modeling LP problems begins with a stated objective referred to as the objective 

function. The objective function is a linear combination of the activities (i.e., decision variables) 

which is to be minimized or maximized (Gass, 1985). For example, the stated objective may be 

to minimize cost or to maximize profit given some limited resources. LP problems typically 

involve limitations with respect to the available resources (e.g., labor hours, raw materials, 

money, etc.), which restrict or constrain the solution. Expressed as linear equations or 

inequalities, these constraints describe the interrelations of the system components (Dantzig, 

                                                 
1
 Working independently, John Von Neumann and Leonid Kantorovich have also been 

recognized for their contributions to the early development of LP (Dantzig, 2002).  
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1963). Thus, in order to optimize the objective function, the series of linear equations or 

inequalities are plotted together to reveal a convex polyhedron that contains all the possible 

solutions to the model (Dantzig, 1963; Gass, 1985). The optimal solution (i.e., values for 

1 2, , , nx x x  which either minimize or maximize the objective function) will be an extreme 

point in the convex solution set (Dantzig, 1963; Gass, 1985). More than one optimal solution can 

occur when the same minimum value of the objective function occurs at every point on the line 

(i.e., edge of the hyperplane of the convex polyhedron) between two extreme points. 

The Linear Programming Problem 

Keeping in mind the stated objective function, Dantzig (1963) outlined five steps to build 

an LP model (as illustrated in Figure 1). The first step is to define the activity set that contains 

the elementary functions of the system (i.e., the decision variables). For example, in a product 

mix problem, the activities would be the variables that measure the various product quantities 

that the factory is interested in producing during the next production cycle. The second step is to 

define the item set. The item set (i.e., constraints) describes the areas of concern or limitations in 

the problem with respect to the activities (Dantzig, 1963). For example, in a product-mix 

problem, one item of concern which can be described as a constraint is the limited amount of 

labor hours required during the production process. 

The third step in building Dantzigôs (1963) LP problem is to determine the inputðoutput 

coefficients of the activities. In other words, specify the quantity of the item that is either 

consumed (i.e., the input) or produced (i.e., the output) during an activity. For example, in the 

product mix problem, the number of labor hours required to produce activity 1x  is the coefficient

11a , etc. Once this is determined, the fourth step is to find the net input or output for a specific 
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item or constraint upon completion of the activity. The last step is to complete the Material 

Balance Equation by assigning the unknown, nonnegative activity levels (i.e., 1 2, , , nx x x ). 

An illustration of the five steps in Dantzigôs model is given in Figure 1. 

 

Figure 1. An illustration of Dantzigôs (1963) linear programming problem. 

Linear Programming Assumptions 

Several assumptions underlie the general LP model. Dantzig (1963, pp 32ï33) described 

the proportionality, nonnegativity, and additivity assumptions. Additional assumptions include 

certainty (proposed by Gass, 1985) and divisibility. The certainty assumption states that the input 

and output coefficients (i.e., 
ija  and ib , respectively) as well as the cost/profit coefficients of the 

objective function (i.e., 
jc ) are known with certainty and are constant. For example, the 

production cost per unit of $3 is known with certainty and is constant. The divisibility 

assumption allows for fractional (i.e., non-integer) values of the decision variables. However, if 
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this assumption does not hold, then the problem may be solved using integer programming 

techniques. 

In an LP model, inputs such as raw materials, equipment, labor, or other resources flow 

into the activities (i.e., elementary functions) while outputs such as the desired products flow out 

(i.e., exogenous flow; Dantzig, 1963). Thus, the proportionality assumption states that as the 

activity levels increase, the items consumed or produced must also increase proportionally (Gass, 

1985). The proportionality assumption describes the linear relationship between the inputs and 

outputs. For example, if it is desired to double the training activity for new hires in a given 

period (i.e., train twice as many people), then it would only make sense that the number of 

trainers as well as trainees would also have to increase proportionally (Dantzig, 1963). 

The types of problems suitable for LP typically produce tangible outputs in terms of the 

amount of product to produce (e.g., in blending problems), products to ship (e.g., in 

transportation problems), or the assignment of people to projects (e.g., in scheduling problems), 

etc. Thus, the nonnegativity assumption states that it is not possible to have a solution with 

negative quantities (Dantzig, 1963; Gass, 1985). In other words, the optimal solution will always 

be composed of positive output amounts. The evidence of this is the restriction of the convex 

solution set to the upper-right (positive-positive) quadrant of the graph. Thus, for the activities 

(i.e., decision variables) 1 2, , , nx x x , a mathematical statement of the nonnegativity 

assumption is: 

1 2, , , 0nx x x ²  (1) 

The additivity assumption states that the total amount of resource used can be determined 

by summing the amount of resource used by the individual activities (Gass, 1985). This is stated 
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mathematically in the partial LP model of the constraints presented in Model (2) below (Gass, 

1985): 

for 1,2,...,  constraints

      1,2,...,  activities

       are known constants

ij j in n i

mj j mn n m

ij

a x a x b

a x a x b

i m

j n

a

+ + =

+ + =

=

=

 (2) 

In addition, one can find the total cost or profit as defined by the objective function by 

adding together the individual cost or profit components. Dantzig (1963) states this 

mathematically as: 

1 1

for 1,2,...,  activities

       are the cost or profit coefficients

n n

j

c x c x

j n

c

+ +

=  (3) 

Gass (1985) mathematically states the complete form of the general LP problem as: 

1 1Minimize 

Subject to the following constraints:

     

       

     

for 1,2,...,  constraints

      1,2,...,  activities

       are known constants

      

n n

ij j in n i

mj j mn n m

ij

z c x c x

a x a x b

a x a x b

i m

j n

a

c

= + +

+ + =

+ + =

=

=

 are the cost or profit coefficients

      , , 0

      

j

j nx x

m n

²

<

 (4) 
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These assumptions set the stage for solving the LP model. An LP model involving only 

two decision variables x and y may be solved using the graphical solution method in which all of 

the constraints are plotted in a single (x,y) graph. However, to solve LP problems involving more 

than two decision variables, use the simplex method in which the solution is derived through a 

series of algorithmic steps (matrix operations) that manipulate tables called Tableaus (Dantzig, 

1963).  

Primal Model 

The primal model is the general form of the LP method. In this form, the objective of the 

system (i.e., objective function) is stated in terms of minimizing or maximizing some value (e.g., 

minimize cost or maximize profit). Linearly independent constraints written as inequalities, 

define the relationships between the activities (i.e., decision variables). All of the previously 

stated assumptions hold. In order to find the optimal solution for the objective, plot each linearly 

independent constraint in a graph. The resulting area defined by the constraints is a convex set of 

feasible solutions. This convex set is a line for two decision variables, a plane for three decision 

variables, or a hyperplane for 3n>  decision variables (Gass, 1985). Extreme points occur at the 

vertices of the convex polyhedron.  

Graphical solution method. When there are only two decision variables (i.e., activities) in 

the model, then a two-dimensional graph is useful for finding the optimal solution. A simple 

example (as adapted from Stevenson & Ozgur, 2007, pp. 154ï157) illustrates this graphical 

solution method. Consider a product-mix problem in which the manufacturer must decide how 

many sofas and love seats to make in order to maximize profit. Note that for every sofa the 

manufacturer sells, they make $120 profit and for every love seat, they make $105. In addition, it 
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takes two machine hours and two and one half labor hours to manufacture one sofa and one 

machine hour and two labor hours to manufacture one love seat. In this production cycle, there 

are 400 machine hours and 600 labor hours available. Letting 
1x  represent sofas and 

2x  represent 

loveseats, mathematically state the problem as follows: 

1 2

1 2

1 2

1 2

Maximize Profit: 120 300

Subject to

   Machine Hrs.      2      400

   Labor Hrs.        2.5    2 600

                                 , 0

z x x

x x

x x

x x

= +

+ ¢

+ ¢

²

 (5) 

Next, plot each constraint in a graph to reveal an area representing the region or convex 

set of feasible solutions that satisfy the requirements (i.e., inequalities) of each of the constraints 

(Figure 2; Gass, 1985). Since theory tells us that the optimal solution to an LP model is always 

an extreme point of the convex solution space (Dantzig, 1963), we can determine the optimal 

solution by testing only the extreme points at the vertices of the convex set in the objective 

function (Stevenson & Ozgur, 2007).  
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Figure 2. Graphical representation of a product-mix LP problem with two constraints.  

In this example, there are four extreme points: (a) (0,0), (b) (0,300), (c) (133.3,133.3), 

and (d) (200,0). These coordinates (i.e., vectors) represent the number of machine hours and 

labor hours, respectively, and form the basic feasible solution set which contains the optimal 

solution. Thus, to find the optimal solution, test only these extreme points to determine which 

coordinates give the maximum profit to the objective function 1 2120 105x x+ .  

Table 1. Testing the Extreme Points for Optimality 

Extreme Points (1x , 2x ) Objective Function Profit 

          

( )

( )

( )

( )

0,0    

0,300  

133.3,133.3  

200,0   

 

      

() ()

() ( )

( ) ( )

( ) ()

120 0 105 0

120 0 105 300

120 133.3 105 133.3

120 200 105 0

+

+

+

+

 
    

$0

$31,500

$29,992.50

$28.800

  

Thus, for this production period, the optimal solution is to produce 300 love seats and 0  

sofas for a maximum profit of$31,500. Note that a problem in which the objective function is 
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minimized instead of maximized, is worked similarly. However, when choosing the optimal 

solution in a minimization problem, select the smallest of the objective functionôs figures.  

Simplex Method. The graphical solution method is easy to use when the problem only has 

two decision variables. However, three or more decision variables requires the use of a more 

sophisticated solution method because the resulting solution space takes on the shape of a 

simplexðthat is, an n-dimensional convex polyhedron with 1n+  vertices (Gass, 1985). 

Developed in 1947 by George Dantzig and Leonid Hurwicz, this alternative solution method is 

the simplex method (Dantzig, 1963).  

Similar to the graphical method, the simplex method examines the points on the vertices 

of the simplex (i.e., the basic solutions; Gass, 1985; Stevenson & Ozgur, 2007). The optimal 

solution is the point that either maximizes or minimizes the objective function. However, unlike 

the graphical method, the simplex method does this in a series of steps (iterations) that are 

recorded in tables called Tableaus. As the number of decision variables increase, the number of 

iterations also increases.  

After modeling the LP problem, the first step in the simplex method is to convert all of 

the inequalities to equalities (Stevenson & Ozgur, 2007) to ñstandardizeò the model form. 

Convert a constraint with an ¢ inequality to equality by adding an unknown nonnegative slack 

variable that represents the value needed to make both sides of the inequality equal. In order to 

convert a constraint with an ² inequality to equality first subtract an unknown nonnegative 

surplus variable and then add a nonnegative artificial variable (Stevenson & Ozgur, 2007). The 

surplus variable acts similar to a slack variable, but the artificial variable simply provides an 

artificial basis for solving the initial solution of the simplex method (Gass, 1985). If a constraint 
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is already in equality form, then using a slack or surplus variable is inappropriate. Instead, add a 

nonnegative artificial variable to the left-hand side of the equality for the same reason as stated 

above.  

These slack and surplus variables are included in the objective function but with 

coefficients 0jc =  (Gass, 1985). The artificial variables are also included in the objective 

function but whether the variable is added or subtracted depends on whether the objective is to 

minimize or maximize. If the objective is to minimize, then add the artificial variable to the 

objective function. If the objective is to maximize, then subtract the artificial variable from the 

objective function. In either case, multiply the artificial variable by a very large coefficient 

represented by M. Making the coefficient M very large ensures that the artificial variable will not 

affect the optimal solution (Stevenson & Ozgur, 2007). 

To illustrate, consider a maximization LP problem with two decision variables as adapted 

from Stevenson and Ozgur (2007, pp. 4S-5ï4S-20).  

1 2

1 2

1 2

1 2

1 2

Maximize 60 50

Subject to

   Constraint 1    4 10  100

   Constraint 2    2   1    22

   Constraint 3    3   3    39

                                   , 0

z x x

x x

x x

x x

x x

= +

+ ¢

+ ¢

+ ¢

²

 (6) 

First convert the inequalities to equalities. Since all of the constraints are of the form¢, 

add a slack variable to each constraint and change the inequality to equality.  
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1 2 3 4 5

1 2 3

1 2 4

1 2 5

Maximize 60 50 0 0 0

Subject to

   Constraint 1    4 10               100

   Constraint 2    2   1                 22

   Constraint 3    3   3                  39

         

z x x x x x

x x x

x x x

x x x

= + + + +

+ + =

+ + =

+ + =

1 2 3 4 5                                , , , , 0x x x x x²

 (7) 

Note in Model (7), the addition of the slack variables 3 4 5, ,x x x  not only in the individual 

constraints, but also in the objective function. In the LP problem, if the number of decision 

variables (n) is greater than the number of constraints (m), then the solution could include points 

at any of the intersections of the constraints. In other words, it could include the extreme points 

at an intersection that defines the simplex or points at any other intersection beyond but not 

included in the simplex. Therefore, it is necessary to reduce the possible solutions to only the 

extreme points at the boundaries of the simplex (i.e., the basic solution). If n m> , set n m-  

variables equal to 0  (Stevenson & Ozgur, 2007). Doing so will create a system of n m=

equations which ensures that inclusion of only extreme points in the basic solution. Variables set 

to 0  are referred to as nonbasic variables while the other variables are referred to as basic 

variables (Stevenson & Ozgur, 2007).  

Setting n m-  variables equal to 0  and solving for the remaining variables provides a 

basic solutionðthat is, an initial feasible solution to the problem. In the above example, 5n=  

and 3m= . Therefore, remove 5 3 2- = decision variables from the model. In this case, remove 

1x  and 2x  by setting each equal to0 . This results in the following initial basic solution: 

3

4

5

 100

  22

  39

x

x

x

=

=

=

 (8) 
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Note that the variables in the solution (i.e., 
3 4 5, ,x x x ) are the basic variables, while the 

variables not in the solution (i.e., 
1 2,x x ) are the nonbasic variables (Stevenson & Ozgur, 2007). 

In order to continue to the next iteration of the simplex method, display the results of the initial 

basic solution in Tableau form as shown in Table 2. In this Tableau, list the basis variables in the 

first column, the coefficients of the objective function in the first row, the decision variables in 

the second row and the right hand side of the equation (i.e., the ibôs) in the last column. The 

center of the table represents the coefficients of the decision and slack variables (i.e., the 
ija ôs). 

The second column is just a repeat of the objective function coefficients but only for the 

variables in the Basis column.  

Table 2. Initial Basic Feasible Solution of the Simplex Method: Tableau Ia 

Coefficients 
jc (C) 60 50 0 0 0 

Quantity 

ib  
Decision Variablesix  1x  2x  3x  4x  5x  

Basis jc       

3x  0 4 10 1 0 0 100 

4x  0 2 1 0 1 0 22 

5x  0 3 3 0 0 1 39 

 Z  0 0 0 0 0 0 

 C Z-  60 50 0 0 0  

 

The values in row Z  of the Tableau are found by multiplying the coefficients for column 

ix  by the respective basis coefficient in the second column and then summing the resulting 

products (Stevenson & Ozgur, 2007). Do this for the values in the Quantity column as well. For 

example, the value of Z  for decision variable 1x  is: 

() () ()1 0 4 0 2 0 3 0Z = + + = (9) 
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Now, subtract these values of Z from the coefficients of the objective function (i.e., C , 

the first row in the Tableau) to obtain the values in the C Z-  row. These values represent the 

amount of improvement per unit in the objective function. For example, the value of C Z-  for 

decision variable 1x  is 60 (see below) indicating that the objective function would increase by 60 

per unit if 1x  is included in the basis (Stevenson & Ozgur, 2007).  

( )
1

60 0 60C Z- = - = (10) 

The C Z-  values indicate where improvement in the basic solution can occur. The 

solution is optimal if all of the values in the C Z-  row of the Tableau are zero and negative in a 

maximization problem or zero and positive in a minimization problem. In addition to these 

values, the resulting Tableau shows that the basis variables (i.e., variables in the solution) have 

coefficient vectors that are unit vectors in which the value of one appears in the position of the 

corresponding variable in the Basis column (e.g., consider the coefficient vector for variable 3x  

in Table 2; Stevenson & Ozgur, 2007). In addition, the last value in the Quantity column 

represents the value of the object function based on the basis variables in the solution.  

Using the information given in the initial Tableau, the next step in the simplex method is 

to make an improvement in the basic solution. In order to do this, one nonbasic variable must 

enter the solution while one basic variable leaves the solution. Since this is a maximization 

problem, the nonbasic variable that enters the solution will be the variable with the largest C Z-  

value. In this example, it is variable 1x (see Table 2). The column in the table associated with 

variable 1x  is the pivot column (Stevenson & Ozgur, 2007). To determine which variable most 
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limits the quantity of 
1x  and therefore must leave the basis solution, divide each Quantity by the 

respective coefficient in the pivot column (Table 3).  

Table 3. Determining the Pivot Column and Pivot Row: Tableau Ib 

Coefficients 
jc (C) 60 50 0 0 0 

Quantity 

ib  
Decision Variables

ix  
1x  

2x  
3x  

4x  
5x  

Basis jc       

3x  0 4 10 1 0 0 100/4=25 

4x  0 2 1 0 1 0 22/2=11 

5x  0 3 3 0 0 1 39/3=13 

 Z  0 0 0 0 0 0 

 C Z-  60 50 0 0 0  

 

Because this is a maximization problem, the smallest nonnegative quantity resulting from 

this division determines which variable must leave the Basis. Although it is not the optimal 

solution, this value represents an extreme point in the basic feasible solution space while the 

other quantities represent points outside of the basic feasible solution space. In this example, the 

smallest resulting Quantity is 11 which is associated with slack variable 4x . Therefore, 4x  should 

leave the basis and 1x  should enter the basis. The row associated with slack variable 4x  is the 

pivot row. 

In order to include variable 1x  in the Basis, the coefficients of 1x  must be in the form of a 

unity vector. To create this vector, the values in the matrix are manipulated using elementary row 

operations (Stevenson & Ozgur, 2007). The constraints resulting from these operations will be 

different but equivalent to the original constraints. To begin, consider the coefficient for 1x (the 

variable entering the basis) in the pivot row (see Table 3). Since a unity vector is desired (with a 

one in the 1x  position of the vector), multiply all of the coefficients in the row by 1
2 (Table 4).  
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Table 4. Second Iteration of the Simplex Method: Tableau IIa 

CĄ 60 50 0 0 0 
Quantity 

ib  ix  
1x  

2x  
3x  

4x  
5x  

Basis Ć      

3x  0 0 8 1 -2 0 56 

1x  60 1 1
2  0 1

2  0 11 

5x  0 0 3
2  0 3

2-  1 6 

 Z       0 

 C Z-        

 

The next step is to reduce the coefficient for 1x  in the remaining rows to zero. To do this, 

choose a different row and multiply the new pivot row equation by the coefficient of 1x  for the 

chosen row. Then, subtract the two equations in order to eliminate1x . For example, consider the 

equation for the first constraint in the Tableau. In order to obtain a coefficient of 0 for 1x , the 

pivot row is multiplied by the negative of the current coefficient, that is, by negative four. 

( )
1 2 3 4 5

1 1
2 21 2 3 4 5

1 2 3 4 5

     4 10  0 0 100

4  0 0 11

      0 8 1  2  0 56

x x x x x

x x x x x

x x x x x

+ + + + =

- + + + + =

+ + - + =

 (11) 

It can be seen that the subtraction now results in a coefficient of 0 for 1x . Record this and 

the remaining coefficients in the first row of the Tableau (Table 4). Similarly, the new 

coefficients for the third row are found by multiplying the second row by negative three (the 

coefficient for 1x in the 5x  row) and adding it to the third row. The resulting coefficients are 

given in Table 4. Now that the new coefficients are in place, compute the values for rows Z  and 

C Z-  as previously described (see Table 5).  
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Table 5. Second Iteration of the Simplex Method: Tableau IIb 

CĄ 60 50 0 0 0 
Quantity 

ib  ix  
1x  

2x  
3x  

4x  
5x  

Basis Ć      

3x  0 0 8 1 -2 0 56 

1x  60 1 1
2  0 1

2  0 11 

5x  0 0 3
2  0 3

2-  1 6 

 Z  60 30 0 30 0 660 

 C Z-  0 20 0 -30 0  

 

Table 5 shows that based on this basic solution, the new value of the objective function is 

660. However, this is not the optimal solution because not all of the values in the C Z-  row are 

zero or negative. Thus, a third iteration in the simplex method is necessary. Begin by choosing 

the largest value in the C Z-  row in Table 5 (i.e., 20). This value indicates that a unit change in 

variable 2x  will increase the objective function by 20 units. As a result, variable 2x  will be the 

new pivot column and needs to be entered into the basis. To determine which of the current basis 

variables must leave, divide the values in the Quantity column by the coefficients in the 2x

column, and choose the smallest of the resulting Quantity values (see Table 6). In this case, the 

smallest Quantity is associated with variable5x . Thus slack variable 5x  will leave the basis and 

this row becomes the new pivot row. 

Table 6. Third Iteration of the Simplex Method: Tableau IIIa 

CĄ 60 50 0 0 0 
Quantity 

ib  ix  1x  2x  3x  4x  5x  

Basis Ć      

3x  0 0 8 1 -2 0 56/8=7 

1x  60 1 1
2  0 1

2  0 11/( 1
2 )=22 

5x  0 0 3
2  0 3

2-  1 6/( 3
2 )=4 

 Z  60 30 0 30 0 660 

 C Z-  0 20 0 -30 0  
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As described before, in order to be included in the basis, the coefficient vector for 

variable 
2x
 
must be made into a unity vector. The coefficient for 

2x  in the pivot row is32  (see 

Table 6). To obtain a value of one in this position, multiply all of the coefficients in the pivot 

row by the inverse of the coefficient (i.e., 2
3 ; see Table 7). Adjust the remaining rows by 

multiplying the new pivot row by the coefficient of 2x  for that row and then subtracting it from 

that row. The results of these operations are given in Table 7. Now the values for Z  and C Z-  

rows can be computed as previously described (see Table 7). 

Table 7. Third Iteration of the Simplex Method: Tableau IIIb 

CĄ 60 50 0 0 0 
Quantity 

ib  ix  1x  2x  3x  4x  5x  

Basis Ć      

3x  0 0 0 1 6 16
3-  24 

1x  60 1 0 0 1 1
3-  9 

2x  50 0 1 0 -1 2
3  4 

 Z  60 50 0 10 40
3  740 

 C Z-  0 0 0 -10 40
3-   

 

The optimal basic solution occurs when all of the C Z-  values are zero and negative, 

which is the case in this example. That optimal solution (an extreme point at a vertices of the 

simplex) is 60 units of 1x , 50 units of 2x , and 0 units of 3x  for a maximum objective function of 

740 units (e.g., dollars). Because 3x  is a slack variable, the 24 units associated with that 

constraint will remain unused.  

Although the simplex method is cumbersome and tedious with many places for error, it is 

effective in solving general LP problems. Fortunately, industrial strength software programs such 
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as CPLEX, XPRESS, LINDO, Premium Solver (a MS Excel add-in) and others are able to 

accommodate most linear optimization problems. (For a 2007 survey of LP software and their 

capabilities, see http://lionhrtpub.com/orms/surveys/LP/LP-survey.html.) 

Dual Model 

Another aspect of LP is the concept of duality. Every general LP model (i.e., primal 

model) has a dual or mirror image problem associated with it. Developed in 1947 by John Von 

Neumann (the famous game theorist; Dantzig, 1963), the dual LP problem is a transposition of 

the original primal model. In the transformation, the objective function variables of the primal 

become the constraints of the dual while the constraints of the primal become the objective 

function of the dual. As a result, the objective function changes from a minimization problem to 

a maximization problem (or vice versa) and the constraint inequalities change direction to reflect 

the change in objective (Dantzig, 1963; Stevenson & Ozgur, 2007). This relationship between 

the primal and dual models is referred to as the duality theorem (Dantzig, 1963; Gass, 1985). 

Although the same optimal solution is obtained with either the dual or primal models, a 

different, economic interpretation accompanies the dual solution (Stevenson & Ozgur, 2007). In 

other words, the dual solution determines the profit obtained or cost required with respect to the 

use of a single unit of resource. In addition, transposing the primal model removes the 

nonnegative assumption placed on the primal variables (Dantzig, 1963; Gass, 1985). For 

example, consider the transformation of the primal model given in Model (12) to the dual model 

given in Model (13) (Stevenson & Ozgur, 2007, p. 227): 

http://lionhrtpub.com/orms/surveys/LP/LP-survey.html
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1 2 3

1 2 3

1 2 3

1 2 3

Primal Model:

Minimize 40 44 48

Subject to

   Constraint 1    1 2 3 20

   Constraint 2    4 4 4 30

                             , , 0

x x x

x x x

x x x

x x x

+ +

+ + ²

+ + ²

²

 (12) 

1 2

1 2

1 2

1 2

1 2

Dual Model:

Maximize 20 30

Subject to

   Constraint 1    1 4 40

   Constraint 2    2 4 44

   Constraint 3    3 4 48

                                   , 0

w w

w w

w w

w w

w w

+

+ ¢

+ ¢

+ ¢

²

 (13) 

The above transformation results in two variables and three constraints in the dual model 

as compared to three variables and two constraints in the primal model. Note that transforming 

the dual simply converts the variables and constraints back to the primal model (Dantzig, 1963; 

Stevenson & Ozgur, 2007). The primal model solution gives the optimal production amount of 

each output in order to minimize, for example, cost, given the limited resources as represented by 

the constraints. The goal of the dual model then is to maximize the limited resources given the 

marginal values of those resources (Stevenson & Ozgur, 2007). Although the interpretation of 

the dual model is different, the value of the objective function (with respect to the resources) is 

the same as the value of the objective function (with respect to cost) for the primal model 

(Stevenson & Ozgur, 2007).  

This has tremendous practical implications in choosing an algorithm to tackle an LP 

problem. In empirical observations, LP solution times are greatly a function of the number (and 



 

 

21 

density) of constraints, thus an LP with a large number of constraints relative to variables should 

be dualized to reduce the number of constraints so that it can be solved faster.  

Data Envelopment Analysis 

An Overview 

Data Envelopment Analysis (DEA) is a deterministic decision model built upon the 

foundations of LP. While LP allows for multiple input variables (e.g., multiple factories and 

warehouses in a transportation problem), there is only one output variable (i.e., the minimized or 

maximized objective such as cost or profit, respectively). In contrast, DEA is able to include not 

only multiple input variables, but also multiple output variables. In other words, by condensing 

the multiple inputs and outputs into a single virtual output to virtual input ratio, the DEA method 

simultaneously compares and ranks similar peer groups (i.e., decision making units or DMUs) 

with respect to each DMUôs relative efficiency (Charnes, Cooper, Lewin, & Seiford, 1994; 

Cooper, Seiford, & Tone, 2006). The idea is that by determining which DMUs are inefficient 

(with respect to other DMUs), it can also be determined how they may improve their efficiency 

(i.e., what inputs and by how much each needs to be changed (reduced) to produce the required 

output to move up in rank). It is this unique ability that has made DEA an attractive methodology 

for comparing similar DMUs in such industries as banking, agriculture, airline, defense, 

manufacturing, education, health care, telecommunications, utilities, etc. 

Previous statistical approaches to evaluate DMUs, involved the use of parametric 

methods such as regression analysis. While the regression approach requires certain assumptions 

about the data and distribution of the error terms (i.e., normal and independent and identically 

distributed), the nonparametric DEA method requires no such assumptions (Charnes et al., 
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1994). In addition, regression analysis fits a single linear trend line (or plane) to all of the data 

points based on the central tendency of the data (an optimization of a single pointðthe mean). 

Standard Input/Output analysis used in econometrics is also inadequate and, as in Regression, it 

also assumes a function relating the consumption (inputs) to the production (output) (e.g, 

1 22X XY e += ). In contrast, the DEA method optimizes each data point to create a piecewise 

boundary referred to as the efficient frontier (see Figure 3). This optimization allows for a 

comparison of the efficiency of one DMU relative to the other DMUs and is accomplished 

through the weighting of the input and output variables. 

 

Figure 3. Comparison of the regression line fit to the DEA piecewise efficient frontier (adapted 

from Cooper, Seiford, & Tone, 2006, p. 57).  

First developed by Charnes, Cooper, and Rhodes (1978), the efficiency of a DMU is 

calculated as the maximum ratio of weighted outputs ( r ru y ) to weighted inputs (i iv x ) where the 

weights  and r iu v  can be determined either with certainty (i.e., a priori) or by the data (Cooper, 
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Seiford, & Tone, 2006). Assigning weights a priori could introduce unwanted bias into the 

results. In addition, the weights may vary from one DMU to another. Thus, allowing the data to 

assign weights results in a more objective approach which requires very few a priori  

assumptions (Cooper, Seiford, & Tone, 2006). Most DEA models are based on the latter 

approach. As a result, Cooper, Seiford, and Tone specified four common input and output issues 

(p. 22): 

1. The data for each input and output are numerical and positive. 

2. All inputs and outputs should be of interest and meaningful. 

3. Input amounts should be smaller than output amounts. 

4. Units of measure for each input and output need not be equivalent. 

The DEA method identifies the best performing (i.e., most efficient) DMUs by 

optimizing the weights, then the method compares all other DMUs relative to these. The optimal 

weights also ensure that the relative efficiency scores will not be greater than one (Charnes et al., 

1994). In this way, the weights for each DMU are Pareto optimum (Charnes et al., 1994; Cooper, 

Seiford, & Tone, 2006). That is, achieving the maximum (i.e., optimum) input and output 

weights for each DMU is done in such a way that none of the other DMUôs weights are 

inadvertently worsened. The Pareto-Koopmans definition of efficiency also describes this 

relationship, stating that when this condition is met, the DMU is then considered fully efficient 

(Cooper, Seiford, & Tone, 2006).  

Regardless of which weighting system is used, it is the comparison of one DMUôs 

efficiency relative to another DMUôs efficiency that results in a ranking of DMUs. Used to 

evaluate individual performance with regard to efficiency, this relative efficiency (q) ranges 
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between zero and one ( 0 1q¢ ¢) with the maximum or optimal efficiency rating being one (i.e.,

* 1q= ; Charnes et al., 1994). In order to consider any DMU to be Pareto-Koopmans optimal 

(i.e., fully efficient), two conditions must be met. First, the technical efficiency must equal one 

(i.e., * 1q= ) and second, the input ( *

is
- ) and output ( *

rs+ ) slack variables must be zero (i.e., 

* * 0i rs s- += =; Zhu, 2003; Cooper, Seiford, & Tone, 2006). The slack variable *

is
-  represents any 

input surplus while the slack variable *

rs+  represents the output shortage (Cooper, Seiford, & 

Tone, 2006). A situation can occur in which a DMU is considered to be only weakly efficient. 

This occurs when the DMU lies on the efficient frontier (thus, * 1q= ), but either *

is
-  or *

rs+  does 

not equal zero (Zhu, 2003). In this case, the non-zero slack represents the necessary change in 

either input, output, or both that would need to be made in order to make the DMU fully 

efficient. When a model contains weakly efficient DMUs, it is an indicator that more than one 

optimal solution exists (Zhu, 2003). 

As stated in Issue 4 above, the units of measure do not affect the measure of efficiency. 

In other words, the efficiency measure is units invariant (Cooper, Seiford, & Tone, 2006). That 

is, each input and output can have different or varying units of measure that remain the same 

across DMUs. However, when the relative efficiency for a DMU is calculated, the units 

(regardless of what they are) cancel, leaving a unit-less efficiency measurement which is then 

comparable to other relative efficiency measurements. Cooper, Seiford, and Tone (2006) referred 

to this property as the Units Invariance Theorem. 
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Returns-to-Scale 

The economic concept of returns-to-scale underlies the DEA model. This concept 

describes the production frontier (i.e., efficient frontier) which can either be constant (resulting 

in proportional changes to the output in response to changes in the input) or variable. Constant 

returns-to-scale are referred to as CRS while variable returns-to-scale are referred to as VRS. 

The basic CCR model assumes CRS (Charnes et al., 1994). In other words, for the CCR model, 

the production possibility set has CRS if for a set of feasible points ( ),x y  another set of feasible 

points ( ),tx ty  exists for any positive scalar t  (Cooper, Seiford, & Tone, 2006). An offshoot of 

the CCR model, the BCC model (named after DEA theorists Banker, Charnes, and Cooper) 

relaxes the CRS assumption and instead assumes VRS; that is, increasing, decreasing, or 

constant changes in the efficient frontier (Cooper, Seiford, & Tone, 2006).  

CCR Model 

In a tribute to Charnes, Cooper, and Rhodes, this basic DEA model is referred to as the 

CCR model (Cooper, Seiford, & Tone, 2006). The general form of this efficiency model with 

respect to maximizing the output over input ratio is given in Model (14) below (Charnes, 

Cooper, & Rhodes, 1978). 
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In this form, Model 14 is a nonlinear fractional programming model which is difficult to 

solve (Charnes et al. 1994). Rewriting it as an LP problem (see Model 15) allows it (or its dual) 

to be solved using the simplex method. 
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In the above LP formulation, the normalization constraint
1

  1
m

i ij

i

xn
=

=ä  ensures the 

relativity of the weights which must add up to 100% (Cooper, Seiford, & Tone, 2006). In the 
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DEA model, the weights are typically unknown and variable while the inputs and outputs are 

known and constant (Charnes, Cooper, & Rhodes, 1978). The goal is to determine the optimal 

weights ( * *,m nin the primal) for each DMU that will simultaneously satisfy the constraints. If at 

least one set of optimal weights exist (i.e., * *,m n where * *0 and 0m n> >) and the optimal 

efficiency rating for that DMU is 
* 1q=  then that DMU is said to be CCR-efficient or Farrell-

efficient (Cooper, Seiford, & Tone, 2006). Cooper, Seiford, and Tone refer to the set of CCR-

efficient DMUs as the reference set since they are used to evaluate other inefficient DMUs. 

Upon comparison, the reference set indicates how the inputs and outputs need to be adjusted in 

order to make the inefficient DMU of interest efficient (Zhu, 2003). 

The dual of the CCR model is given in Model 16 as follows (Charnes, Cooper, & 

Rhodes, 1978): 

Min 

,

Subject to

                 0

                 

                 0

where  is the set of input variables

            is the set of output variables

            is the set of unknown 

o

o

x X

Y y

X

Y

q

q l

q l

l

l

l

- ²

²

²

weights or coefficients

  (16) 

BCC Model 

While the CCR model determines overall efficiency assuming CRS, the BCC model 

determines technical and scale inefficiencies assuming VRS (Charnes et al., 1994). With this 

model, technical inefficiency (i.e., waste) is removed without requiring proportional changes in 

the inputs or outputs (Cooper, Seiford, & Tone, 2006). Scale inefficiencies are the increasing or 
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decreasing returns-to-scale (Charnes et al., 1994). As stated previously, VRS allows for the 

increasing, decreasing, or constant returns-to-scale. Thus, the efficient frontier for the BCC 

model exhibits some or all of these characteristics (see Figure 5 below). The BCC model 

incorporates this convexity condition into the LP model as shown by the last two constraints in 

Model 17 (Cooper, Seiford, & Tone, 2006).  

Min 

,

Subject to

                 0

                 

 1
                 convexity condition that ensures VRS

 0

where  is a row vector with members equal to one

            is a 
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l
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- ²

²

=û
ü

² ý

column vector of non-negative elements

  (17) 

Similar to the CCR model, for any given DMUo, if the optimal solution to the BCC 

model is equal to one (i.e., * 1Bq= ) and the slack variables are equal to zero (i.e., * * 0i is s- += =), 

then DMUo is said to be BCC-efficient (Cooper, Seiford, & Tone, 2006). Regardless of which 

model is used, finding the optimal solution and subsequently, which DMUs are efficient or 

inefficient, starts with the identification of a feasible region defined by the efficient frontier.  

Efficient Frontier 

Not only is it important to determine which DMUs are performing efficiently, but it is 

also important to determine which DMUs are performing inefficiently. After identifying these 

inefficient DMUs, a projection can be made of the reduction in inputs and/or increases in outputs 

required to bring their performance up to that of the efficient DMU(s) (Charnes et al., 1994). In 

order to identify the efficient DMUs, one must plot the relative efficiency ratings and find the 
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boundary referred to as the efficient frontier. As the name Data Envelopment Analysis implies, 

the efficient frontier envelopes the inefficient DMUs that fall outside of this boundary while the 

efficient DMUs fall on the boundary (Charnes et al., 1994; Cooper, Seiford, & Tone, 2006). Note 

that the specific DEA model determines the shape of this efficient frontier (Charnes et al., 1994). 

In the case of the CCR model with CRS, the efficient frontier initiates at the origin and passes 

radially through the outer-most DMU to envelop the remaining DMUs. In the example shown in 

Figure 4, there is only one fully efficient DMUð 2P , with all other DMUs being inefficient with 

respect to 2P . 

 

Figure 4. CCR Efficient frontier as defined by DMU 2P  (adapted from Charnes et al., 1994, p. 

25). 

In the case of the BCC model with VRS, Charnes et al. (1994) referred to this efficient 

frontier as a ñpiecewise empirical extremal production surfaceò (p. 6) that represents the 

maximum output given by any DMU based on the input levels. For example, contrast the CCR 
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efficient frontier in Figure 4 with the piecewise linear production frontier for the BCC model 

with VRS shown in Figure 5. The convexity of the production frontier exhibits not only CRS 

(line segment 2 3P P ), but also increasing returns-to-scale (IRS; line segment 1 2P P ) and 

decreasing returns-to-scale (DRS; line segment 3 4P P ). 

 

Figure 5. BCC efficient frontier as defined by DMUs 1P , 2P , 3P , and 4P  (adapted from 

Charnes et al., 1994, p. 25).  

Consider another example of an efficient frontier as given in Figure 6 below. Here, the 

efficient frontier is defined by the line connecting points E, D, and C. Note that even though 

* 1q=  for DMU F, it is not fully efficient as defined by Pareto-Koopmans since the slack 

variables are not equal to zero. Therefore, it is not included in the boundary of the efficient 

frontier (Cooper, Seiford, & Tone, 2006). However, extending the boundary beyond E  and C  

allows for the envelopment of the remaining inefficient DMUs. This envelopment area and the 

DMUs contained in it is the production possibility set. Note that the efficient frontier and 
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production possibility set for the BCC model will always be a subset of the efficient frontier and 

production possibility set for the CCR model due to the additional convexity constraint 1el=  in 

the BCC model (as shown in Model 17; Cooper, Seiford, & Tone, 2006). 

 

Figure 6. BCC efficient frontier and production possibility set (adapted from Cooper, Seiford, & 

Tone, 2006, p. 57).  

Once the fully efficient DMUs are identified by the efficient frontier, each inefficient 

DMU can be examined to determine what actions would be required to improve that DMU and 

make it efficient. For example, if a line is drawn from the origin O  to DMU A (as shown in 

Figure 7), that line can be described by two segments, OQ and OA, where Q  is the point where 

the line intersects the efficient frontier. The ratio of these two line segments OQ
OA

 indicates the 

radial (i.e., proportional) efficiency of DMU A which can then be used to determine how this 

DMU should be adjusted in order to become fully efficient (Cooper, Seiford, & Tone, 2006). 

Thus, in the example given in Figure 7, both inputs 1 and 2 should be proportionally reduced by 
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the value of OQ
OA

 in order to increase the efficiency of DMU A. Also, since the line from the 

origin intersects the efficient frontier in the line segment from DMUs D to E, then these two 

DMUs form the reference set for DMU A. This improvement in the inputs and outputs for DMU 

A is simply a potential improvement that has been projected based on the reference set of DMUs 

on the efficient frontier (Charnes et al., 1994). 

 

Figure 7. Determining an improvement in DMU A (adapted from Cooper, Seiford, & Tone, 

2006, p. 57).  

Model Orientation and Two-Stage Solution 

In addition to choosing the appropriate returns-to-scale for the model, the DEA method 

also allows the researcher to approach the underlying LP optimization model from the 

perspective of maximizing the outputs (i.e., output-oriented model) or minimizing the inputs 

(i.e., input-oriented model; Charnes et al., 1994; Zhu, 2003). With the input-oriented model, the 

solution is from the perspective of minimizing the resources or inputs in order to obtain the 



 

 

33 

appropriate output (Zhu, 2003). The output-oriented model evaluates the DMUs from the 

perspective of maximizing the output, given the available resources (i.e., input). These models 

are presented together in Model 18 for comparison purposes (Zhu, 2003). 
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Note in the objective function of both the input-oriented and output-oriented models, the 

inclusion of e, a non-Archimedean value that allows for the minimization of q or maximization 

of f to be completed before the slack variables are optimized (Zhu, 2003). This allows the 

model (regardless of the orientation) to be solved in a two-stage process. This first stage ignores 

the slack variables and optimizes *q  for the input-oriented model and *f for the output-oriented 

model, allowing for the identification of the DMUs on the efficient frontier. The second stage 

optimizes the slack variables 
is
- and 

rs+, allowing for the identification of the Pareto-Koopmans 

optimal DMUs. Presented side-by-side in Model 19 are the second stage models for both 

orientations (Zhu, 2003). 
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After solving both stages and identifying the efficient DMUs, then the inefficient DMUs 

can be examined to determine what changes are necessary in order to obtain efficiency. The 

efficiency score obtained from an input-oriented model indicates how much to reduce the input 

by in order to maintain the desired output and make that DMU efficient (Büschken, 2007). Thus 

the higher the score in an input-oriented model, the higher the efficiency (with one being the 

highest). In contrast, the efficiency score obtained from an output-oriented model indicates how 

much to increase the output by given the level of input in order to obtain efficiency (Büschken, 

2007). Thus, the lower the score in an output-oriented model, the higher the efficiency (with one 

being the ideal score). As stated before, these changes are simply a projection of the inefficient 

DMU onto the efficient frontier. Thus, this information provides only recommendations for 

change to the inputs, outputs, or both. Whether those changes would actually make the DMU 

efficient depends on any changes made to other inefficient DMUs. As a result, after 
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implementing the changes, a new analysis will reveal if any changes in a DMUôs efficiency 

occurs. 

Applied DEA 

Since 1978, when Charnes, Cooper, and Rhodes revealed their initial DEA model, there 

have been many variants of the CCR and VRS models. The DEA methodology is being 

advanced at a rapid rate. In addition, new applications are being found for DEA usage across 

many industries. In an effort to catalog these various applications, several authors have compiled 

bibliographies. For example, Emrouznejad, Parker, and Tavares (2008) compiled a bibliography 

of publications relating to DEA and spanning the last 30 years of research. This bibliography 

includes over 1600 articles and books. To illustrate the various uses of DEA, three recent 

applications are briefly examined below.  

Advertising and Branding 

Büschken (2007) used DEA to examine the efficiency of advertising in the German 

automobile industry in an effort to identify the drivers of advertising inefficiency. The author 

defined advertising efficiency as the impact of advertising with respect to the monetary 

investment in advertising. The input variables included the budget for various media used for the 

advertisements (e.g., newspapers, magazines, television, etc.). The output variables included 

familiarity with the brand, sympathy with respect to brand preference, consideration to buy, and 

purchase intention. The author considered several DEA models, including both the CRS and 

VRS models with both input and output orientations. However, since Büschken was concerned 

about reducing the advertising budget (i.e., the inputs), he preferred the input-oriented models. 
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The input-oriented VRS model showed that the most efficient brands were Ferrari, 

Porsche, Suzuki, BMW, and Volkswagen (Büschken, 2007). In addition, the CRS input-oriented 

model also indicated Volkswagen as the most efficient model. Büschken referred to this 

agreement between the VRS and CRS models as scale-efficient. An examination of the input 

slack for the VRS model indicated that the inefficient brands could obtain the same advertising 

effects (i.e., outputs) using significantly less brand advertising (i.e., inputs). Thus the DEA 

methodology was useful in pointing out the possible savings in advertising dollars for those 

inefficient brands.  

Computer Manufacturers 

Lai (2007) used DEA methodology to evaluate the efficiency of 12 Taiwanese laptop 

computer manufacturers. The purpose of this study was to develop a method of assessing 

production efficiency in order to help Taiwanese laptop manufacturers remain competitive in the 

global market. After examining 62 combinations of input and output variables, the author 

determined that the model with three input variables (i.e., operating expenses, non-operating 

expenses, and operating costs) and three output variables (i.e., operating revenue, non-operating 

revenue, and assets) performed the best based on three criteria: (a) distinction power, (b) 

distinction sharpness, and (c) average efficiency score (Lai, 2007). The distinction power 

estimate is based on the efficiency scoreôs standard deviation while the distinction sharpness 

measure is based on the outcomeôs maximal ranking range. Along with a low average efficiency 

score, both of these distinction measures should be high, indicating an efficient DMU. Using 

these measures, Lai found only four of the 12 manufacturers to be efficient. However, even 

though some of the 12 DMUs were considered inefficient, seven had efficiency scores above the 
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industry average of 71%. Although Lai did not describe the type of DEA method used, the author 

recommended DEA as a sufficient method for determining efficiency among the laptop 

manufacturers. 

Higher Education 

Many publications compare and rank universities according to various attributes in order 

to attract readers and provide a service to their subscribers (e.g., see US News and World Report, 

http://colleges.usnews.rankingsandreviews.com/college/ and The Center for Measuring 

University Performance, http://mup.asu.edu/ ). The implications of these rankings are that they 

could lead to more student interest, research funding, alumni donations, etc., for those 

institutions ranking the highest. The authors found that the ranking methodology used by the 

different publications varies and is based on subjective weighting measures. Because of this, 

Bougnol and Dulá (2006) evaluated the use of DEA to rank higher education institutions since 

the DEA methodology uses objective weighting measures and not subjective ones. Thus, 

Bougnol and Dulá compared the ranking results from DEA to those of The Center for Measuring 

University Performance (The Center) using the same attributes (i.e., 10 measures of research 

expenditures and performance). 

Using publicly available data from The Center, Bougnol and Dulá (2006) ranked the 

universities (i.e., DMUs) using a method of peeling away the efficient layers (i.e., removing the 

efficient variables from the data set) to reveal the next layer closest to the efficient frontier, and 

so on. Each of these layers represents a tier. The authors found that the results of the first three 

tiers of rankings obtained using DEA closely matched to those obtained by The Centerôs 

subjective weighting method. However, Bougnol and Dulá concluded that the number and type 

http://colleges.usnews.rankingsandreviews.com/college/
http://mup.asu.edu/
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of attributes in the model had a greater effect on the ranking results than the two methods 

studied. The authors recommended that once the model has been decided, DEA should be used 

to perform the rankings since it is uses objective weights. 

Conclusion 

The world of analytic science can be divided into two classifications: deterministic and 

stochastic methodology. The Breadth component of the essay examined the deterministic method 

of LP which forms the foundation for the Data Envelopment Analysis (DEA) technique. LP is a 

popular analytical tool for determining, for example, the appropriate mix of products, the 

appropriate schedule, or the appropriate number of units to ship to varying locations, all in order 

to do one of two thingsðmaximize profit or minimize cost. The dual of the LP problem has 

economic applications as well. The DEA methodology adopts LP and includes multiple inputs 

and outputs in order to determine the relative efficiency of one decision making unit (DMU) to 

another. This information is useful in determining not only efficient DMUs but also those that 

are inefficient. Inefficient DMUs can be made to be efficient by changing the inputs, outputs, or 

both. Thus, able to use all of the available data, DEA provides a great deal of useful information 

about the DMUs. The brief examination of three different applications of DEA confirms that 

DEA can be applied to many different industries and disciplines in order to evaluate various 

DMUs. The Depth component of this essay will examine DEA further by looking at a few 

variant models, that is, using categorical variables, incorporating judgment, and dynamics. 
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DEPTH 

 

AMDS 8521: CURRENT RESEARCH IN DETERMINISTIC METHODS 

Annotated Bibliography 

 

Allen, R., Athanassopoulos, A., Dyson, R. G., & Thanassoulis, E. (1996). Weights restrictions 

and value judgements in data envelopment analysis: Evolution, development and future 

directions. Annals of Operations Research, 66(1ï4), 13ï34. 

 

Summary: In this article, Allen Athanassopoulos, Dyson, and Thanassoulis (1996) discuss 

various ways to incorporate value judgments into the DEA model. Value judgments allow for the 

restriction of weights in the DEA model in order to place emphasis on various inputs and/or 

outputs. This can be accomplished indirectly by simply choosing which variables will be 

included in the analysis. There are many ways that the weights can be directly restricted. For 

example, the weights can be assigned based on the importance of the inputs or outputs, or they 

can be chosen a priori by the researcher. Allen et al. presented a new DEA model that 

incorporates the weight restriction methods. In addition, Allen et al. discussed various ways of 

estimating the restricted weights and interpreting the results. The authors concluded with 

suggestions for further research in this area. 

Critical Analysis: The only free parameters in DEA are the weights associated with the 

input and output variables. Thus, in order to incorporate value judgments into the DEA model, 

the weights must be restricted or forced to be within specific user-defined bounds. Unfortunately 

there is not one single method of doing this but several. In addition, Allen et al. (1996) suggested 

that the choice of weight restriction relies heavily on the context and/or application of the model. 

While parametric methods like regression analysis or ANOVA can be used in a variety of 

applications with very little modifications to the models as long as the basic assumptions hold, 
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DEA is for the most part, application specific. As a result, the method of restricting weights in 

one application may not necessarily apply to a different application. This is both an advantage 

and disadvantage of DEA. The disadvantage is in the lack of a standard method that is 

independent of the context. The advantage is in the methodôs flexibility. Allen et al. provide a 

comprehensive overview of incorporating value judgments into DEA and encourage the 

discussion of incorporating value judgment by suggesting areas for further research. 

Value Statement: This article provides a comprehensive in depth overview of DEA using 

value judgments. Although the authors do not offer original research in this area, they do provide 

a modified DEA model and make suggestions for further research in this area. This article 

provides an excellent foundation for the study of DEA and how to incorporate judgment. 

 

Banker, R. D., & Morey, R. C. (1986). The use of categorical variables in data envelopment 

analysis. Management Science, 32(12). 1613ï1627. 

 

Summary. In traditional DEA, ñpeerò DMUs are compared in order to determine their 

relative efficiency. This comparison uses multiple inputs and outputs modeled as continuous 

variables (the ñLPò nature of DEA) over which the researcher has some amount of control (i.e., 

controllable variables). Banker and Morey questioned the use of certain demographic variables 

in this continuous format since these types of variables (i.e., non-controllable variables) 

typically consist of observed values that could be used to categorize one or more ñnatural 

characteristicsò of the observations (e.g., median income). Thus, in order to incorporate 

categories into the model, Banker and Morey modified the basic DEA methodology to include 

the use of non-controllable variables expressed in the form of discrete (i.e., binary) categorical 

variables. This modification ensures that even if there are multiple categories, only those DMUs 
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that fall into the same categories or below will be evaluated against each other. To accomplish 

this, Banker and Morey first split the basic LP constraint for inputs (Equation 20) into two 

constraintsðone for controllable variables and one for non-controllable variables (see Equations 

21 and 22, respectively) resulting in a two-stage LP model. 
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Next, Banker and Morey replaced the constraint for the non-controllable variables with 

k constraints to describe each of the 1k+  levels of the non-controllable categorical variable 

(Equation 23).  
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 would restrict the DMU comparisons to 

categories at the same level or below. The authors evaluated their model using real demographic 
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data and addressed the issue of sensitivity and mixed-integer LP for models with categorical 

controllable variables.  

Critical Assessment. When comparing this modified DEA model (where the demographic 

variable is categorized or discretetized) against the basic DEA model (where the same 

demographic variable is treated as continuous), Banker and Morey showed that the modified 

model resulted in fewer DMUs being compared together due to the category restriction 

constraints. Even so, this modification did not significantly affect the number of DMUs being 

designated as efficient (i.e., an efficiency rating of one) when compared to the number of 

efficient DMUs for the basic model. However, the technical efficiency scores were slightly 

higher in the modified model while the adjustments needed to make an inefficient DMU efficient 

(i.e., percent increase or decrease in resources) remained about the same when compared to the 

basic model results. If these differences were the only consideration, it would seem that there 

would be no need to use the modified model. However, the most striking difference between 

models occurred in the overall ranking results. Due to the more restrictive approach, the 

modified modelôs rankings did not always agree with the rankings provided by the basic model. 

Thus, the inclusion of categorical variables results in rankings that are more reflective of the 

demographic differences due to the forced comparisons of DMUs in like demographic categories 

(i.e., ñtruly peerò DMUs). Since the goal of DEA is to compare similar DMUs, it would seem 

that Banker and Moreyôs modified model results in better rankings. When extended to 

categorical controllable variables (i.e., the mixed-integer LP problem), Banker and Morey 

present a model but do not test the model with actual data. As a result, this leaves the authors 

open to criticism as seen in the article by Kamakura (1988) discussed further below.  
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Value Statement. This study was a critical turning point for Data Envelopment Analysis. 

By incorporating discrete variables, Banker and Morey expanded the applicability of DEA and 

opened the door for further research in this area. The authors presented a thorough examination 

of this model that was easy to follow and contributed greatly to the growing field of DEA. 

 

Basso, A., & Funari, S. (2003). Measuring the performance of ethical mutual funds: A DEA 

approach. Journal of the Operational Research Society, 54(5), 521ï531. 

 

Summary. Basso and Funari utilized a categorical DEA model in order to incorporate the 

performance indicators with respect to the ethical nature of mutual funds (i.e., the DMUs). 

Mutual funds that consist of socially and environmentally responsible businesses and 

organizations are referred to as ethical mutual funds. Investors typically choose ethical mutual 

funds a priori based not only on their risks and returns (which tend to be higher and lower, 

respectively, than non-ethical mutual funds), but also on their social impact. In order to include 

this ethical aspect as a variable of mutual fund performance, Basso and Funari analyzed fifty 

randomly-chosen mutual funds (30 non-ethical and 20 ethical) utilizing a simple two-output 

DEA model, a model in which the ethical variable was incorporated as an exogenously fixed 

output variable, and both a binary and multiple level categorical DEA approach. The inputs 

included the subscriptions costs, redemption costs, and risk measures. The outputs included the 

expected return and the categorical ethical variable. A Monte Carlo simulation was used to 

generate the values of the input and output variables. Composite performance indices were 

compared to determine the appropriate model. High correlations occurred between the simple 

two-stage model and both categorical models and between the two categorical models. The 
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authors concluded that the categorical models were more appropriate for evaluating ethical 

mutual funds. 

Criti cal Assessment. In measuring the performance of ethical mutual funds, Basso and 

Funari create multiple indices to represent each of the DEA models under investigation. After 

comparing these models, the authors recommended using a categorical DEA model because it 

allowed for the inclusion of the ethical variable and thus more information. However, these 

models were highly and positively correlated to the simple two-stage model. Thus, if the two 

stage model gives similar results, this model would be the better choice from the perspective of 

parsimony. The authors stop just short of giving any further recommendations or suggestions for 

further studies. However, since the data were generated from a Monte Carlo simulation, perhaps 

the next step would be to analyze real-world data to see if those results would concur with the 

simulation results. Another area of concern is the use of the non-controllable ethical variable as 

an exogenous fixed output variable. Although output variables can be non-controllable 

categorical variables, since the choice of ethical mutual fund is made a priori by the investor, 

perhaps it should be included as an input variable rather than output variable.  

Value Statement. This article presented an interesting view into the world of mutual funds 

and specifically ethical mutual funds. Based on specific DEA models, the authors created several 

new performance indices based on DEA that could be used to determine ethical mutual fund 

performance. In that respect, this articleôs approach is novel but it fails to provide any substantial 

conclusions about which method is best. However, it is useful to show the application of 

categorical DEA to real-world situations.  
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Grifell-Tatjé, E., & Lovell, C. A. K. (1997). A DEA-based analysis of productivity change and 

intertemporal managerial performance. Annals of Operations Research, 73, 177ï189. 

 

Summary. In this study of dynamic DEA methods, Grifell-Tatjé and Lovell evaluated 

trends in intertemporal management performance and productivity of Spanish banks from 1986ï

1991. They did this using a three-way decomposition of the Malmquist productivity index
2
. 

Since the distance functions used in the Malmquist index are reciprocals of DEA indices, the 

Malmquist productivity index can be broken down (i.e., decomposed) into component measures 

productive efficiency over time, magnitude of technical change, and adaptation to technical 

change bias (Equation 24) using DEA. Thus in order to calculate the Malmquist productivity 

index, each of the component indices must first be found. 
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Grifell-Tatjé and Lovell utilized a variable returns to scale BCC DEA model to determine 

within-period and adjacent-periods efficiency measures for each DMU (i.e., Spanish Bank). For 

the DEA models, inputs included the number of employees, materials expenditures, and direct 

expenditures on building and depreciation while the outputs included the number of loans, 

                                                 
2
 The Malmquist productivity index measures changes in productivity between periods t and t+1 

using a ratio of distance functions for the two adjacent periods. Thus, it measures changes in 

productivity over time. 
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number of checking accounts, and number of savings accounts. Using the DEA efficiency 

indices, the Malmquist productivity index showed that productivity at the Spanish savings banks 

declined over time. In addition, although technical efficiency improved over time, the technical 

change index declined while the bias of technical change remained relatively the same. 

Critical Assessment. The authors developed a novel approach using the Malmquist 

productivity index to determine the efficiency of Spanish savings banks over time. The Spanish 

government had recently deregulated these banks. Although the authors concluded that DEA is 

useful to determine productive efficiency, it would have been interesting to see how the act of 

deregulation itself affected the efficiency of the banks and whether this method truly did measure 

productivity over time. This could have been done with a simple pre and post test, that is by 

examining the efficiency of the same banks before deregulation and again after and then 

comparing them.  

Value Statement. Grifell-Tatjé and Lovell (1997) illustrated an additional use of DEA by 

measuring the change in productivity over time using the Malmquist productivity index. This 

shows that DEA does not have to be used strictly on static measurements but is flexible enough 

to show dynamic changes in data as well.  

 

Jaenicke, E. (2000). Testing for intermediate outputs in dynamic DEA models: Accounting for 

soil capital in rotational crop production and productivity measures. Journal of 

Productivity Analysis, 14(3), 247ï266. 

 

Summary. Jaenicke showed how dynamic DEA can be applied to rotational crop 

production (i.e., rotating crops in order to produce a higher yield of each crop) in order to allow 

for the effect of intermediate outputs such as soil capital (i.e., soil quality). When crops are 
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rotated, a higher yield or production can occur due to a carry-over effect and/or joint production. 

As a result, Jaenicke sought to account for the rotation effect in the DEA model by using 

dynamic DEA with soil capital as an intermediate output. As a comparison, Jaenicke also 

examined the DEA model without incorporating soil capital (i.e., a myopic model). In order to 

determine which DEA model was the most effective, Jaenicke analyzed the Malmquist 

productivity index for each model and performed statistical tests of significance. Both DEA 

models were applied to a real-life example of crop rotation. The results indicated a significant 

difference between the two models. Thus, Jaenicke concluded that the dynamic DEA model was 

the best model because it incorporated soil capital as an intermediate output. 

Critical Assessment. This study illustrated the need for dynamic DEA in situations where 

there is a dependency among time periods (such as in the case of crop rotation). Jaenickeôs 

argument for including soil capital as an intermediate output in the dynamic DEA model was 

backed up with evidence from the Malmquist productivity index and its component indices based 

on real crop rotation data where the plot is the DMU. The hypothesis tests also add another 

comprehensive dimension to DEA and allow for a comparison of DEA models. Although the 

DEA models and supporting constraints were well defined, the author did not go into great detail 

about the actual inputs and outputs. Thus, even though the data are available for further study, it 

would be difficult to repeat this authorôs analysis.  

Value Statement. This study provides an excellent application of dynamic DEA and 

shows that there is a need for incorporating soil capital as an intermediate output. It also shows 

that hypothesis tests can be performed on the Malmquist productivity indices in order to 
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determine significant differences in the DEA models. In this respect, Jaenickeôs study contributes 

to the body of knowledge concerning DEA and especially dynamic DEA.  

 

Kamakura, W. A. (1988). A note on ñthe use of categorical variables in data envelopment 

analysis.ò Management Science, 34(10), 1273ï1276.  

 

Summary. In evaluating Banker and Moreyôs (1986) research involving the use of 

discrete categorical variables in Data Envelopment Analysis (DEA), Kamakura agrees with the 

initial findings, but disagrees with the application to mixed-integer LP models. In mixed-integer 

LP models, the categorical variable is a controllable (output) variable and the category levels are 

considered sequentially from low to high as ensured by the constraint surrounding the binary 

slack variables (i.e., 1 0l lt t-- ²). Using a small problem to illustrate, Kamakura showed that the 

mixed-integer LP model does not accurately compare DMUs due to this constraint. Kamakura 

offered a modification to this constraint in order to make sure the sequential comparison occurs 

only after improvements in the discrete output occur. This modified constraint is: 

1 1, ,l l l jo l jot t w w- -- ¢ - . Even with this modification, Kamakura gives two limitations: (a) viritual 

DMUs are not allowed (i.e., categories cannot be combined to create a new virtual DMU), and 

(b) inefficiencies resulting from the continuous variables cannot be identified. 

Critical Assessment. Kamakura identified the ñerrorò (i.e., the approximation) in Banker 

and Moreyôs (1986) mixed-integer LP model for categorical controllable variables. Kamakura 

illustrated the error with a small problem (something Banker and Morey failed to do) and 

showed that the results do not accurately identify efficient DMUs. Even though this small 

problem of five DMUs with one input variable, one continuous output variable, and one 
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categorical output variable with 3L=  categories adequately illustrated the problem, the author 

perhaps should have considered a larger sample with more categories to see if the effect is as 

pronounced. It is also interesting that the author chose to modify the constraint containing the 

error rather than just remove it as suggested later by Rousseau and Semple (1993) also discussed 

in this section. 

Value Statement. This article contributes to the continued discussion of the application of 

DEA by providing modifications to an existing formulation. Thus, this article should be 

considered along with the Banker and Morey (1986) study since it offers additional insight into 

the use of categorical variables in DEA. In addition to offering an improvement, the article 

points out other possible areas for further study.  

 

Lins, M., Angulo-Meza, L., & da Silva, A. (2004). A multi-objective approach to determine 

alternative targets in data envelopment analysis. Journal of the Operational Research 

Society 55(10), 1090ï1101. 

 

Summary. In this article Lins, Angulo-Meza, and da Silva evaluated non-radial projection 

DEA methods (i.e., preference structures and multi-objective linear programming or MOLP) in 

an effort to incorporate value judgment in DEA models.. Whereas preference structure models 

require subjective a priori weight bounds, MOLP allows the weights to be made a posteriori. 

MORO (multi-objective model for ratio optimization, a modification of MOLP) accomplishes 

this through the specification of individual objective functionsðone for each input and output, 

resulting in a more efficient target (i.e., point on the efficient frontier). The MORO-D model 

extends this concept to include the dominance of the target over the DMUs. Lins et al. showed 

that in the situation where rf (the factor reflecting the increase in value of output r required to 
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reach the target) and 
ij (the factor reflecting the decrease in value of input i required to reach the 

target) are unbounded, the MORO and preference structures methods gave equivalent results. 

However, the advantages of the MORO model far outweigh those of the preference structure 

model. These advantages include: (a) only a single iteration is needed to obtain the non-

dominated solutions, (b) the use of a posteriori preferences, (c) the ability to map the weight 

ranges for rf and ij onto the possible targets (i.e., indifference regions) in order to reveal a more 

objective preference structure. Thus, Lins et al. preferred the MORO models or even an 

integration of MORO with the subjective preference structures model.  

Critical Assessment. Lins et al. described the use of MOLP and preference structures to 

obtain non-radial projections in DEA. In doing so, the authors provided adequate documentation 

of the MOLP model derivation and further modifications (e.g., MORO and MORO-D). Lins et 

al. showed that the MORO model was equivalent to the preference structure model. However, if 

the two models are equivalent, the question arises as to which model to use. Lins et al. argument 

for the MOLP method based on its advantages over preference structures model is very 

convincing. However, every method has its disadvantages and the authors did not include any in 

the discussion. Thus, although the documentation and example were adequate, this method 

should be examined further to verify that the a posteriori weights indeed provide better results 

than the a priori weights.  

Value Statement. The MOLP and preference structures models described by Lins et al. 

are two examples of DEA models that give non-radial projections onto the efficient frontier 

based on either a priori or a posteriori weights selection. The study presented here provides 

valuable documentation in this area and shows that the DEA methodology continues to be 
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adapted and modified in unique ways. Thus, this article contributes greatly to the study of the 

incorporation of judgment in DEA models.  

 

Liu, C., Jung, C., & Chen, C. (2004). Incorporating value judgments into data envelopment 

analysis to improve decision quality for organization. Journal of American Academy of 

Business, 5(1/2), 423ï427. 

 

Summary. In an effort to eliminate the subjectivity of weights restrictions for input and 

output variables in a DEA model involving value judgments, Liu, Jung, and Chen proposed a 

method of incorporating both subjective and objective weights. This method results in weights 

that are more representative of the nature of the DMU. This method first determines the weights 

subjectively using the opinions of experts via the Analytic Hierarchy Process (AHP). Next, a 

CCR DEA model is utilized to obtain the objective weights. Liu et al., outlined six rules to 

determine if the objective weight, subjective weight, or a weighted average of the two is the most 

appropriate weight for that variable. Once the appropriate weights have been determined 

following these rules, they are used in a separate DEA model to obtain the relative efficiency 

rating for each DMU. The advantage of this method is that experts determine the subjective 

weights and their priorities. However, this is also a disadvantage because each expert will have 

their own level of expertise and therefore opinion. But, Liu et al. believed that obtaining an 

unbiased set of weights for the DEA model is achievable through the use of this interactive 

model.  

Critical Assessment. Liu, Jung, and Chen provide an interesting compromise to the 

problems surrounding the incorporation of subjective weights restriction in a DEA model. The 

appropriate weight will either be a subjective weight, objective weight, or a weighted average of 
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the two based on some simple evaluations with respect to weight priorities. The rules are 

straightforward and seem simple to use. The only concern about the rules involves the weighted 

average. The authors recommend using a weight of 0.5 to give equal weighting to both the 

objective and subjective values. However, the authors do not state why they chose 0.5 and not 

some other value. It would be interesting to see if other weights would provide better indexes. 

Value Statement. The study by Liu, Jung, and Chen contribute to the continued discussion 

of DEA, especially with respect to the incorporation of value judgment. Whereas other studies 

along this line of thought have examined only subjective measures, this study provides an 

interesting twist in that it utilizes both objective and subjective weights in such a way that the 

resulting weights are unbiased and provide better relative efficiency ratings. 

 

Nemoto, J., & Goto, M. (2003). Measurement of dynamic efficiency in production: An 

application of data envelopment analysis to Japanese electric utilities. Journal of 

Productivity Analysis, 19(2), 191ï210. 

 

Summary. In a previous study on dynamic DEA, Nemoto and Goto (1999) determined 

dynamic productive efficiency using variable and quasi-fixed inputs. Since quasi-fixed inputs are 

not completely consumed in the current time period, the remaining quasi-fixed inputs are treated 

as outputs at the end of the time period. As a continuation of that study, Nemoto and Goto (2003) 

used an intertemporal dynamic DEA model under the assumption of constant returns to scale, to 

analyze data from nine Japanese electric utility companies over several years (1981ï1995). The 

resulting dynamic productive efficiency model was expressed in terms of an LP problem in 

which the objective was to minimize the intertemporal efficient frontier of costs. Two variable 

inputs (i.e., fuel and labor) and three quasi-fixed inputs (i.e., generation plants, transmission 



 

 

53 

facilities, and distribution facilities) were utilized in this study along with two output variables 

(i.e., electricity for commercial and industrial use and electricity for residential use). Nemoto and 

Goto determined overall efficiency (OE) by decomposing it into static efficiency (i.e., technical 

efficiency
3
 and allocative efficiency

4
) and dynamic efficiency. The authors found that under the 

assumption of constant returns to scale, Japanese electric utility companies were efficient for the 

most part. Any inefficiency was due to the modelôs inability to optimize the quasi-fixed inputs. 

Because this is the case in static DEA models, these results may be biased, leading to an 

erroneous adjustment of the quasi-fixed input variables. Therefore, dynamic DEA models should 

be used when quasi-fixed input variables are present. Similar results were found for an analysis 

under the assumption of variable returns to scale. 

Critical Assessment. This article presents an application of the authorsô previous (1999) 

article concerning a dynamic DEA model. In this study, Nemoto and Goto (2003) addressed the 

efficiency of privately-owned Japanese utility companies. The authors provided an exhaustive 

proof of the dynamic DEA model and its measure of overall efficiency. Indeed the mathematics 

were very sophisticated and not for the novice DEA user. Thus, in that respect, the article was 

hard to follow. However, since dynamic DEA is a relatively new extension of DEA, the proofs 

were a necessary component of this paper. Overall, the study was very thorough and even 

presented some thoughts for further study. 

                                                 
3
 Nemoto and Goto (2003) defined technical efficiency (*q ) as ñthe level of possible reduction 

in costs resulting from a uniform radial contraction of all variable inputsò (p. 5), where 0 * 1q¢ ¢ 

with * 1q=  being perfectly efficient. 
4
 Allocative efficiency (or price efficiency) describes the potential cost savings ñif variable 

inputs were adjusted to optimal levels along the short-run isoquantò (Nemoto & Goto, 2003, p. 

197).  Allocative efficiency also ranges between zero and one. 



 

 

54 

Value Statement. This study was extremely important because many types of industries 

incorporate both variable and quasi-fixed inputs in their production or service process. However, 

this study by Nemoto and Goto (2003) showed that the quasi-fixed inputs cannot be ignored 

without resulting in potential bias. Thus, this article showed that it is important to utilize a 

dynamic DEA model (under either variable or constant returns to scale) whenever the use of 

quasi-fixed inputs is possible. In addition, this study further contributes to the expansion of DEA 

as an analytical tool for measuring efficiency.  

 

Podinovski, V. V. (2005). The explicit role of weight bounds in models of data envelopment 

analysis. The Journal of the Operational Research Society, 56(12), 1408ï1418. 

 

Summary. The method of using weights restriction to incorporate judgment into the DEA 

model has many limitations. Thus, Podinovski described a method of incorporating judgment 

through the use of trade-offs. Trade-offs are judgment statements (e.g., if 1X is increased by one 

unit, 2X  can be decreased by two units) that are better than weights restrictions because the 

bounds are not arbitrarily determined. The use of trade-offs results in an expanded production 

possibility set (PPS), but the radial measure of efficiency is still measurable and realistically 

meaningful. Thus, the changes necessary to make an inefficient DMU efficient, are 

technologically realistic (i.e., implementable from a technological standpoint). Since DEA 

software programs are not yet capable of incorporating trade-offs into the model in an automated 

fashion, Podinovski suggested to first determine the trade-offs, then convert them into equivalent 

DMU-specific weight bounds. Thus, unlike the weights restriction method, in this method 

different DMUs may have different bounds. In addition, the trade-offs method can be applied to 
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DEA models under the assumption of either CRS or VRS. Podinovski concluded by offering an 

example to illustrate the method of trade-offs.  

Critical Assessment. This article provides an alternative to the use of weights restrictions 

to incorporate value judgments in the DEA model. As such, it is a novel approach that tries to 

determine the weight bounds in a more subjective manner. However, it was unclear exactly how 

the trade-off statements would be determined and how many statements are necessary. One of 

the advantages of this model over the weights restriction model is that trade-offs may be used 

with the DEA model under VRS since the weight bounds may vary from DMU to DMU. 

Podinovski should have given several more examples of trade-offs and how they can be 

determined. Also, it is uncertain exactly how many trade-offs is best or even enough.  

Value Statement. The discussion of how best to incorporate value judgments into the 

DEA model continues with this research study. This study is important and contributes to the 

discussion because it provides an alternative method to the previously described weights 

restriction method. In addition, this new method does not have as many limitations as the 

previous methods. In describing this new method, Podinovskiôs discussion of the pros and cons 

of utilizing trade-offs versus weight bounds, brings to light the difficulty of determining a 

suitable method for incorporating value judgments and the need for further research.  

 

Rousseau, J. J., & Semple, J. H. (1993). Notes: Categorical outputs in data envelopment analysis. 

Management Science, 39(3), 384ï386. 

 

Summary. Rousseau and Semple revisit the mixed-integer categorical model first 

proposed by Banker and Morey (1988) and later modified by Kamakura (1988) in order to offer 

an alternative fix for the error in the original Banker and Morey model first pointed out by 
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Kamakura. Rather than modify the constraint under contention (see Equation 25), Rousseau and 

Semple suggested simply removing the constraint and replacing it with the constraint in Equation 

26. 
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With this replacement, the sequential nature of the categories are preserved when 

comparisons are made (a requirement of Banker and Morey). In addition, as the composite DMU 

group is formed in order to determine the referent point, Rousseau and Sempleôs methodology 

allows the category levels to be mixed while still maintaining the hierarchical bottom-up 

category structure. This is similar to Banker and Moreyôs input oriented methodology of forming 

the composite group using a top-down categorical mix. Thus, Rousseau and Semple believed that 

their modification was a better solution to the Banker and Morey model than Kamakuraôs. 

Critical Assessment. Rousseau and Sempleôs modification to Banker and Moreyôs (1988) 

original mixed-integer categorical DEA model provides an alternative fix from Kamakuraôs 

(1988). In doing so, Rousseau and Semple point out the flaws in Kamakuraôs logic. However, in 

describing their own modification, Rousseau and Semple provide only brief explanations and 
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assume that the reader can follow their leaps in logic. In addition, they do not offer any proof (in 

the form of a real example or otherwise) that their methodology is valid and accurate. Even so, it 

is a novel approach that is more in align with Banker and Moreyôs original input oriented 

modelðwhich begs the question as to why Banker and Morey didnôt think of it themselves? 

Value Statement. As society changes, societal problems change. Thus, different problems 

require different methods of finding solutions. Therefore, it is not unusual when a new 

methodology is first presented, that it is critically analyzed and modified by peers in that field. 

That is the case with the categorical DEA methodology first presented by Banker and Morey 

(1988). Thus, this discussion and further modification by Rousseau and Semple continues to add 

to the body of knowledge in this area. As such, it brings to light the need to continue refining this 

DEA model and the fact that the discussion is not over yet.  

 

Seiford, L. M., & Zhu, J. (2003). Context-dependent data envelopment analysisðMeasuring 

attractiveness and progress. Omega, 31(5), 397ï408. 

 

Summary. In order to incorporate value judgment in the form of consumer choice theory 

into DEA, Seiford and Zhu suggested dividing the set of DMUs in the production possibility set 

into multiple levels of efficient frontiers instead of just one efficient frontier. This will allow for 

a context-dependent comparison of a DMU in one frontier with the DMUs in another frontier in 

order to determine relative attractiveness (if the comparison is made with a lower performing set 

of DMUs) or relative progress (if the comparison is made with a higher performing set of 

DMUs) with respect to consumer choice theory. These indices are affected by the shape of the 

efficient frontier (i.e., evaluation context), the number and type of inputs and outputs, and value 

judgments in the form of trade-offs. Seiford and Zhu created the multiple efficient frontier levels 
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by first analyzing the basic CCR model and then removing the DMUs on the efficient frontier. 

The reduced set of DMUs is then analyzed, giving a new efficient frontier. The DMUs on the 

efficient frontier of this second level are then removed from the model and the process is 

repeated until no DMUs are left. Judgment is incorporated into the model using a priori 

information and user-defined weights.  

Critical Assessment. Seiford and Zhu provided a novel modification to DEA that not only 

incorporated consumer choice but value judgments, resulting in a context-dependent model that 

is more versatile than the basic CCR or BCC models. Not only was their methodology logical 

and easy to follow, but the results provided valuable information for the researcher with respect 

to relative attractiveness or progress of the DMU. The authors provided a well-documented 

example with detailed explanations of the results. It is obvious that this methodology would 

appeal to DMUs that are not only interested in relative comparisons, but are also sensitive to 

consumer choice.  

Value Statement. This model takes DEA one step further by incorporating consumer 

choice theory to obtain a relative attractiveness or progress index for each DMU. Interpreting 

these indices is similar to interpreting a relative efficiency index, yet another dimension based on 

consumer preference enhanced with value judgments is also available for interpretation. Thus, it 

would seem that this methodology would be very beneficial to any DMU (e.g., a university) that 

is interested in a consumer-oriented comparison using value judgments. More importantly, the 

methodology can be computerized. 
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Sueyoshi, T., & Sekitani, K. (2005). Returns to scale in dynamic DEA. European Journal of 

Operational Research, 161(2), 536ï544. 

 

Summary. In an effort to extend the work of Nemoto and Goto (1999), Sueyoshi and 

Sekitani (2005) incorporated returns to scale (RTS) into the dynamic DEA model by adding a 

constraint that avoids the assumption of constant returns to scale. As a result, the RTS dynamic 

DEA model makes a distinction between the variable inputs and quasi-fixed inputs in the 

objective function. Using the dual LP model to solve for the optimum number of outputs, 

Sueyoshi and Sekitani determined that the resulting solutions to this model may not be unique 

due to the range of values considered as constant RTS. However, the RTS can be determined 

using this model. Sueyoshi and Sekitani considered this study to be a continuance of the dynamic 

DEA discussion and encouraged further studies and applications in this area. 

Critical Assessment. This study provided a unique perspective to the discussion of 

dynamic DEA by incorporating the concept of RTS. As such, the authors contributed greatly to 

this discipline. However, the authors pointed out that this paper simply provides a theoretical 

basis for RTS dynamic DEA and suggested that more research needs to be done to show the 

application of such a model. In addition, the authors encourage more research and discussion in 

the area of dynamic DEA. As the authors suggested, dynamic DEA is still in its infancy and 

needs much more research in order to show its applicability to business and industry. 

Value Statement. This article contributes significantly to the theoretical discussion of 

dynamic DEA. The authors presented original research in this area by incorporating the RTS 

concept into the model. In doing so, the authors also encourage further research and discussion in 

this area of DEA.  
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Thanassoulis, E., & Allen, R. (1998). Simulating weights restrictions in data envelopment 

analysis by means of unobserved DMUs. Management Science, 44(4), 586ï594. 

 

Summary. In this article, Thanassoulis and Allen presented an alternative method for 

incorporating value judgments in the DEA model as compared to the weights restriction model 

presented by Athanassopoulos, Dyson, and Thanassoulis (1996). Thanassoulis and Allenôs model 

utilized unobserved DMUs (i.e., DMUs that result when the input-output levels of the observed 

DMUs are varied) to extend the efficient frontier, ensuring that all observed DMUs are properly 

enveloped. Unlike the weights restriction model (which is applicable only under the assumption 

of CRS), the unobserved DMUs model can be applied under the assumption of CRS or VRS. In 

an attempt to simulate the weights restrictions, Thanassoulis and Allen used a Full Set of 

Unobserved DMUs (FSUD) and a Reduced Set of Unobserved DMUs (RSUD). The FSUD 

method results in duplicate DMUs that are identified and eliminated using the RSUD model and 

the concept of super efficiency. The authors conclude that the unobserved DMUs method is 

better than the weights restriction method because it frees the researcher from having to specify 

the lower bounds for the output weights. Other advantages of the unobserved DMUs model 

include the fact that only local preference information (i.e., for individual DMUs) is required and 

this model is able to capture nonlinear marginal rates of substitution as well as maintain the 

radial measure of efficiency.  

Critical Assessment. Thanassoulis and Allen presented a compelling argument for the use 

of unobserved DMUs over weights restrictions in order to incorporate value judgments into the 

DEA model. However, the authors stated that the choice of method is really a matter of 

preference by the researcher. In other words, there are advantages to using either and the choice 

of method is basically context-dependent. The authors used an example from a previous study 
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but gave only limited summary information to show that the method worked. A more detailed 

example would have supported their claims much better. In addition, the order of the 

presentation of the material in this article was confusing and difficult to follow.  

Value Statement. This article provides an interesting addition to the discussion of 

incorporating value judgment in DEA. It presents a method and then compares it with a different 

method. By doing so, the authors challenge the reader to look further into this relatively new 

application of DEA and to continue the discussion.  

 

Worthington, A. C., & Dollery, B. E. (2002). Incorporating contextual information in public 

sector efficiency analysis: A comparative study of NSW local government. Applied 

Economics, 34(4), 453ï464. 

 

Summary. Worthington and Dollery applied DEA to 173 local governments in New 

South Wales, Australia (i.e., the DMUs) by comparing six different DEA methodologies in 

which discretionary and nondiscretionary variables were treated in a combination of ways (e.g., 

as categorical variables). The authors described discretionary variables as controllable inputs 

with regard to planning, regulatory, and legal variables and nondiscretionary variables as non-

controllable inputs with regard to certain demographic, socioeconomic, and geographic 

variables. The discretionary outputs were measured in terms of the number of building approvals 

and development approvals. These DEA methods included single-stage and two-stage models in 

which the nondiscretionary inputs were either left out, included but treated as discretionary 

inputs, included but treated as nondiscretionary inputs, included as categorical inputs, regressed 

on the first-stage scores, or incorporated along with other environmental influences. The model 

with the highest average technical efficiency score (i.e., .9453) was the model where 
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nondiscretionary inputs were included but treated as continuous. The lowest average technical 

efficiency score (i.e., .5287) was the environmentally adjusted model. The categorical model 

ranked third highest with a mean technical efficiency score of .7058. The authors conclude that 

both discretionary and nondiscretionary inputs need to be included in the DEA model although 

there is still some debate as to how they should be included (i.e., as continuous variables, 

categorical variables, or regressed against the first-stage scores).  

Critical Assessment. This article provides a comparison between several different DEA 

methods in order to determine which method would best asses the efficiency of local 

governments in Australia based on both discretionary and nondiscretionary inputs. It is the 

presence of the nondiscretionary or non-controllable inputs that makes the choice of method all 

the more difficult. Thus, the authors selected several DEA methods that would treat the 

nondiscretionary variables in many different ways. This provides valuable insight into the 

importance of non-controllable variables in DEA and showed that they should not be ignored or 

left out of the model. The authors were thorough in their assessments but did not include any of 

the analysis except summary tables. In addition, the authors did not state which software 

package(s) they used to evaluate the DEA models and other statistical tests. Therefore, it would 

be difficult to reproduce their work or even critically evaluate it. Finally, there were several 

mistakes in the text that made it difficult to follow the discussion.  

Value Statement. This article is useful in demonstrating the importance of non-

controllable inputs in DEA models, regardless of whether these inputs are treated as categorical 

or continuous. Thus, it not only adds to the body of DEA knowledge, but also stresses the 

importance of the input variablesô influence on the resulting technical efficiency scores. 
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Al though the question of which model to use remains for the most part unanswered, this study 

shows that care should be taken in choosing the DEA model. 
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Literature Review Essay  

 

Introduction 

Data Envelopment Analysis (DEA) is an extension of Linear Programming (LP) that 

allows for the comparison of decision making units (DMUs) using multiple inputs and multiple 

outputs. This methodology results in a ranking of DMUs based on a measure of relative 

efficiency. As a result, DEA is useful not only in ranking DMUs according to their relative 

efficiency but also in determining how inefficient DMUs may then improve their efficiency 

rating. It is because of this that DEA has become a very important decision making tool in such 

industries as airline, banking, higher education, defense, agriculture, health care, 

telecommunications, utilities, and marketing, to name a few. However, this is not a ñone size fits 

allò deterministic technique. Indeed, each DMU and their associated industry are unique. Thus, 

in order to apply this methodology to these unique situations, many modifications and extensions 

have been made to the original CCR model (named after DEA founders Charnes, Cooper, and 

Rhodes) and BCC model (named after DEA theorists Banker, Charnes, and Cooper). The Depth 

component of this essay will examine three such modifications: the use of categorical variables 

in DEA, incorporating judgment into the DEA model, and dynamic DEA.  

Categorical Variables and DEA 

Many research studies include the use of discrete categorical variables (e.g., binary 0-1 

variables) for comparison purposes. Regression analysis and analysis of variance models 

adequately incorporate these types of variables into the analyses in order to determine significant 

differences among the different categories. However, in the case of DEA, the original CCR and 

BCC models assume that the DMUs under study are similar in that they all fall into the same 
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category (e.g., all DMUs are small nonprofit universities) and that the input and output variables 

are continuous. Thus, DEA does not take into account multiple categories (e.g., small, medium, 

and large nonprofit universities) when evaluating technical efficiency since constant marginal 

productivity is required (Banker & Money, 1986). Marginal productivity measures the change in 

an output variable (i.e., productivity) when an additional unit of a single input variable is added 

while keeping all other input variables constant. Under this requirement, the introduction of a 

discrete categorical variable would cause an unfair comparison of two or more dissimilar DMUs 

(e.g., comparing a small nonprofit university to a large nonprofit university). Thus, in order to 

incorporate categorical variables into the DEA methodology, modifications to the basic models 

are necessary.  

Banker and Morey (1986) pioneered the research into the use of categorical variables in 

DEA by relaxing the constant marginal productivity requirement that affects the convexity of the 

efficient frontier, thereby allowing the use of discrete variables. Basic DEA models are built 

around the assumption of convexity, that is, the efficient production frontier is the result of a 

convex combination of the (continuous) inputs and outputs of all the DMUs captured in the 

constraint
1

  1
N

j

j

l
=

=ä  (see Model 27 below). As a result, this efficient production frontier is 

referred to as being piecewise linear since it consists of increasing, constant, and/or decreasing 

returns to scale. By including discrete categorical variables into the model, the new model allows 

for a portion of the efficient production frontier to be simultaneously quasi-concave (i.e., can 

include both convex and concave portions) for a subset of inputs and concave for the remaining 
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(Banker & Morey, 1986). The interpretation of the efficiency of a DMU is still the sameðthose 

DMUs with an efficiency rating of one are considered to be fully efficient.  

For this modified model, Banker and Morey (1986) define the m inputs (
ijX ) as being 

either controllable ( 1,2, , ;  where  is a subset of )i m m m¡ ¡=  or non-controllable 

( 1, 2, , )i m m m¡ ¡= + +  for the 1,2, ,j N=  DMUs. The 
rjY  outputs are denoted by subscript

1,2, ,r R=  for the 1,2, ,j N=  DMUs. Banker and Moreyôs input oriented (i.e., resource 

conservation) DEA model is given in Model 27 (Banker & Morey, 1986, pp. 1615ï1616): 
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Note that in addition to the constraint representing controllable inputs (i.e.,

0

1

  
N

j ij i ijo

j

X s Z Xl -

=

+ =ä ; see Models 19 and 27), Banker and Morey (1986) included a constraint 

for the non-controllable variables (i.e., 
1

  
N

j ij i ijo

j

X s Xl -

=

+ =ä ). Similar to the original BCC model, 
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this modified model is solved in two stages with the first stage results giving the optimal level of 

0

*Z  which can be used as a radial measure of inefficiency (Banker & Morey, 1986).  

Now, consider the case where at least one of the non-controllable variables is a discrete 

categorical variable with 1k+  levels. For example, consider a categorical variable with the 

levels low, medium, and high. Rather than specifying one variable with multiple levels, these 

1k+  levels are converted into k  binary variables referred to as 
()

,m jd
a

 (Banker & Morey, 1986). 

Only k  binary variables are needed to completely describe all of the category levels. Thus, for 

the example above, only two binary variables 
() ()1 2

, , and m j m jd d  are used to describe the three 

category levels (see Table 8). 

Table 8. Use of Two Binary Variables to Describe Three Levels of a Categorical Variable 

 Binary Variables 

Level 
()1

,m jd  
()2

,m jd  

Low 0 0 

Medium 1 0 

High 0 1 

 

In the LP model given in Model 27, Banker and Morey (1986) replaced the single 

constraint representing the non-controllable variables (i.e., 
1

  
N

j ij i ijo

j

X s Xl -

=

+ =ä ) with k  

constraints representing each of the 
()

,m jd
a

 binary variables (i.e., 
() ()

, ,

1

N

j m j m jo

j

d d
a a

l
=

¢ä ) that creates a 

composite DMU made up of DMUs in the same category or lower for comparison purposes. For 

example, the constraints representing the levels of the categorical variable described above are 

given in Model 28 below (Banker & Morey, 1986). 
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The above model results in technical efficiency ratings that are based on fewer 

comparisons due to the restrictive nature of the binary variable constraints. Thus, the results are 

more reflective of the true nature of the data.  

Banker and Morey (1986) extended this model to one in which at least one controllable 

variable (such as an output variable) is a discrete categorical variable (e.g., service orientation of 

a facility). In this case, a mixed-integer LP approach is required to evaluate relative technical 

efficiency for the L  categories( )1,2, ,l L=  which are sequential in nature. Banker and Morey 

illustrated this using an output-oriented approach (i.e., output augmentation) where the goal is to 

maximize the possible gain from the categorical level of a DMU. For this model, let lt  represent 

the 0 1- variables while 
,l jw  is a parameterða vector of 0ôs and 1ôs that describes the l th 

category ( )1,2, , 1l L= - for DMU ( ) 1,2, ,j j N=  where the lowest sequential category is 
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described by a vector of 0ôs. The resulting mixed-integer model as presented by Banker and 

Morey is given in Model 29 (pp. 1623ï1624): 
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In Model 29, the constraint , ,

1

N

j l j l l jo

j

w t wl
=

- =ä  ensures that only DMUs of the same or 

higher sequence category level(s) will be included in the composite comparison group. Since the 

lt ôs are 0 1- variables (i.e., binary slack variables), the constraint 1l lt t-²  ensures that 

improvements on the categorical output are sequentially identified (Kamakura, 1988).  

Kamakura (1988) critically examined the Banker and Morey (1986) mixed-integer model 

and suggested that it would lead to inaccurate results. Kamakura illustrated this with a small 

example in which it was shown that one DMU was clearly inefficient. However, when Kamakura 

applied Banker and Moreyôs (1986) mixed-integer model to the same small example, those 

results showed that the same DMU was now considered to be fully efficient. Kamakura 

attributed these conflicting results to the constraint 1l lt t-²  which can also be rewritten as 
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1 0l lt t-- ². Since this constraint forces the evaluation of the DMUs in sequential categories 

(from low to high), if any 
lw  is set at the high category level then no other improvement can be 

made on subsequent DMUs. An alternative to this constraint offered by Kamakura is: 

1 1, ,l l l jo l jot t w w- -- ¢ - . This modified constraint ensures that the binary descriptors (i.e., the lwôs) 

are sequential after improvements have been made in the discrete output. Even with this 

modification, Kamakura (1988) admits that there are other limitations to the mixed-integer 

categorical model. First, although the model can identify improvements in the categorical output, 

it cannot identify inefficiencies resulting from the continuous variables. Second, this model does 

not allow for the use of virtual DMUs (i.e., combining categories to create a new virtual DMU). 

Athough Kamakuraôs (1988) modification provided a ñfixò to Baker and Moreyôs (1986) 

mixed-integer formulation; it also resulted in additional problems. Thus, Rousseau and Semple 

(1993) reexamined Banker and Moreyôs mixed-integer categorical problem and concluded that 

the constraint causing the error (i.e., 1 0l lt t-- ²) should have simply been removed rather than 

modified since, along with the binary structure of the lt  variables and lw parameters, the 

constraints , ,

1

 
N

j l j l l jo

j

w t wl
=

- =ä  and 
1

 1
N

j

j

l
=

=ä  are enough to ensure the sequential improvement 

required by the Banker and Morey model. The resulting Rousseau and Semple modification is 

given in Model 30 below (p. 385). In this model, h  represents the current level for DMUoj  

( )1 h L¢ ¢  and is  represents the real-valued variables.  
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In this model, DMU oj  attains category level h . Assuming this DMU is not on the 

efficient frontier, the necessary adjustment to achieve efficiency depends on the number of 

categories that fall sequentially above it. However, rather than comparing this DMU to each 

category, Rousseau and Semple (1993) suggested that it is only necessary to make the 

comparison with the highest category level above h  (if there is one). In other words, when l h² , 

an efficiency score of one is only attainable if the members of the composite referent points are 

at category level 1l+  or higher (Rousseau & Semple, 1993). In doing so, Rousseau and 

Sempleôs modified output oriented methodology allows for a mixing of category levels as the 

referent point is formed (i.e., a combination of lower level categories and up), which is similar to 

Banker and Moreyôs (1986) input oriented methodology (i.e., a combination of higher level 

categories and down), resulting in a symmetrical methodology.  

Applications of categorical DEA. Worthington and Dollery (2002) examined six different 

DEA methodologies in an effort to determine which method best evaluates the efficiency of 173 

local governments in New South Wales, Australia with respect to their planning and regulatory 
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functions. In this study, the DMU is the local government and both discretionary (i.e., 

controllable) and nondiscretionary (i.e., non-controllable) factors influenced the efficiency rating 

since each local government is unique with regard to the environment and region. The 

discretionary inputs included expenditures (such as planning, regulatory, and legal), and number 

of full time staff while the nondiscretionary inputs included various demographic, 

socioeconomic, and geographic variables (e.g., population growth rate, population distribution, 

non-English speaking population, etc.). The discretionary outputs included the number of 

building approvals and development approvals.  

The DEA approaches taken by Worthington and Dollery (2002) are: (a) assume 

nondiscretionary inputs are constant across samples and incorporate discretionary inputs in a 

single-stage input oriented DEA model; (b) incorporate both nondiscretionary and discretionary 

inputs in a single-stage input oriented DEA model but make no distinction between the two 

inputs (i.e., assume all inputs are discretionary); (c) treat discretionary and nondiscretionary 

inputs as separate inputs following the two-stage input-oriented BCC model; (d) partition the 

DMUs into L  categories using categorical inputs as described by Banker and Morey (1986); (e) 

use a two-stage model where in the first stage, efficiency scores are obtained based on 

discretionary inputs such as those obtained in (a), then regress those scores against 

nondiscretionary inputs during the second stage using a tobit regression model; and (f) use only 

nondiscretionary inputs in the first stage and based on those results, adjust the outputs in the 

second stage with regard to environmental factors, then run the DEA model again using those 

adjusted outputs and discretionary inputs.  
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The resulting mean technical efficiencies (referred to as pure technical efficiencies) and 

number and percent of efficient DMUs from Worthington and Dolleryôs (2002) study as ranked 

from highest to lowest, are given in Table 9 below. The results indicate that the highest average 

efficiency rating (94.5%) resulted from model (b) where both nondiscretionary and discretionary 

inputs were included in the model and assumed to be continuous. The technical efficiency rating 

of Model (d) which used categorical inputs was 70.6% which was considerably lower than that 

for (b) and yet better than Models (e), (a), and (f). Thus, even though nondiscretionary (i.e., non-

controllable) inputs can be treated as categorical variables; perhaps this need not be necessary. 

Indeed, other simpler models produced better results. Regardless of which model is used, 

Worthington and Dollery concluded that all of the data (i.e., both discretionary and 

nondiscretionary inputs) need to be included.  

Table 9. Ranked Technical Efficiency Results from Worthington and Dollery (2002) Study 

  Technical Efficiency 

Model 
Mean 

Number 

Efficient 

% 

Efficient 

(b) Basic, both discretionary and nondiscretionary inputs .9453 135 78.03 

(c) Both inputs, two-stage, input oriented BCC model .8438 109 63.01 

(d) Categorical nondiscretionary inputs .7058 61 35.26 

(e) Two-stage, regression .6170 0 0 

(a) Basic, single-stage, only discretionary inputs .6061 36 20.81 

(f) Environmentally adjusted two-stage .5287 33 19.08 

 

Basso and Funari (2003) applied DEA to the problem of measuring the performance of 

ethical mutual funds. This type of mutual fund has as its focus, ethical or social activities, issues, 

and/or the environment; in other words, social responsibility. Thus, purchasing ethical mutual 

funds not only allows the investor to make money, but also to support businesses and 

organizations that are socially and environmentally minded. However, because of this ethical 
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aspect, these funds tend to return less than non-ethical funds. Thus, the investor must weigh the 

social impact against performance indicators when choosing the ethical mutual fund. Typically, 

investment performance indicators only consider the returns and risk of investment. However, 

Basso and Funari believed that the investorôs desires both for a satisfactory return and to invest 

ethically are important performance factors as well. Unlike other performance measures, DEA 

methodology allows for the inclusion of these types of variables. Thus, Basso and Funari chose 

to determine ethical mutual fund performance using DEA and in particular, a categorical DEA 

model in which the binary categorical variable represents the ethical nature of the DMU (i.e., 

mutual fund).  

Basso and Funari (2003) performed their analysis in three stages. In the first stage, a 

simple two-output DEA model was used to determine the generalized 1DEAI -  performance index. 

The second intermediate stage incorporated the ethical variable as an exogenously fixed variable 

since the investor is able to choose the ethical mutual fund a priori. As a result, the output 
je  

represents a nondiscretionary (i.e., uncontrollable) variable. The third stage utilized the 

categorical DEA approach (as presented by Banker and Morey, 1986) with this exogenously 

fixed output. Fifty mutual funds were randomly chosen, of which 30 were non-ethical and 20 

were ethical. The inputs for the this analysis were three levels of subscriptions costs, three levels 

of redemption costs, and risk measures 
js  and b. The outputs were ( )jE R (i.e., the expected 

return) and the categorical ethical variable 
je  for levels not ethical, low, average, and high. 

(Note, these four levels are completely described by three binary variables 
(1) (2) (3),  ,  and j j jd d d .) 
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The actual values of the inputs and outputs (other than the categories) were generated via a 

Monte Carlo simulation.  

In a previous study, Basso and Funari (2001) investigated mutual fund performance using 

various DEA input and output variables and as a result, created a composite performance index 

referred to as 1DEAI - .The more recent 2003 study included a measure of ethical behavior (i.e., 

social responsibility) in the form of a categorical variable. Thus, the new performance measure 

DEA EI -  
was created to reflect this change. In addition to these measures, Basso and Funari (2003) 

also evaluated indices DEA BI -  (i.e., performance measure for a binary ethical categorical 

variable), DEA CI -  (i.e., performance measure for a multiple level ethical categorical variable), and 

DEA UI -  (i.e., performance measure for the uncontrollable ethical variable). In each case, the index 

is found by taking the inverse of the optimal value of the objective function (0z ) for the 

appropriate DEA model. When the DMU is non-ethical (i.e., 0 and 1ij je da= =), then the 

following holds (see Equation 31; Basso & Funari, 2003):  

1DEA DEA E DEA U DEA B DEA CI I I I I- - - - -= = = =   (31) 

However, for ethical funds, the following performance index relationships given in 

Model 32 hold: 

1DEA DEA E

DEA U DEA E

DEA B DEA C

I I

I I

I I

- -

- -

- -

¢

¢

¢

  (32)
 

After performing the DEA analyses, Basso and Funari (2003) showed that there was a 

high correlation between performance indices for 1DEAI -  and DEA CI -  ( .941r = ), 1DEAI -  and DEA BI -  
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( .985r = ), and also between 
DEA BI -

 and 
DEA CI -  

( .957r = ). In addition, Basso and Funari 

concluded that the models in which the ethical variable is represented as a categorical variable 

(i.e., either a binary or multi-level exogenous fixed output variable) are more appropriate models 

for evaluating the performance of ethical mutual funds since all of the information regarding that 

fund is included in the model. 

Dynamics and DEA 

Many DEA studies only examine a snapshot (i.e., cross-section) of data at a specific point 

in time in order to determine relative efficiencies for the DMUs of interest. However, DEA is 

also useful for examining the efficiency of DMUs over time. Charnes et al. (1994) referred to 

this type of dynamic time series DEA analysis as window analysis involving a total of p time 

periods over which the analysis takes place, n DMUs, and w time periods in a window. This 

analysis treats each time period as a separate DMU which results in ( )n w³  DMUs overall. Once 

the efficiencies of the p DMUs are determined over the current window, the window is then 

shifted forward, dropping the oldest time period and picking up the next time period. In this way, 

each window overlaps the previous window by ( )1w-  periods. This shifting of windows occurs 

across all of the periods for a total of ( )1p w- +  efficiency analyses (Charnes et al., 1994). The 

resulting panel of efficiency measures should uncover any trends in efficiency over time for the 

desired DMUs.  

Window analysis is useful for time series data but has some limitations, one being that 

the number of periods to be included in the window is subjective and may affect the sensitivity 

of the results (Charnes et al., 1994). Thus, Grifell-Tatjé and Lovell (1997) sought to modify the 
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window analysis method by incorporating the Malmquist productivity index (a ratio of distance 

functions for two adjacent periods that measures changes in productivity over time). Specifically, 

Grifell-Tatjé and Lovell evaluated trends in managerial performance (i.e., intertemporal 

management performance) and productivity of Spanish banks from 1986ï1991 based on a three-

way decomposition of the Malmquist productivity index. The three decomposition components 

are: (a) a measure of productive efficiency over time, (b) a measure of the magnitude of technical 

change, and (c) a measure of adaptation to technical change bias (i.e., a non-neutral shift in the 

production frontier; Grifell-Tatjé & Lovell, 1997). Each component can be either positive (i.e., 

contributes to productivity growth), negative (i.e., diminishes productivity growth), or neutral 

(i.e., does not affect productivity growth). However, since technical change can be either 

endogenous (i.e. resulting from influences within the DMU) or exogenous (i.e., resulting from 

outside influences), only the components productive efficiency and adaptation to technical 

change bias are used to measure intertemporal managerial performance (Grifell-Tatjé & Lovell, 

1997). 

The Malmquist productivity index is a ratio of distance functions which are the 

reciprocals of DEA efficiency measures. Thus, to decompose the Malmquist productivity index, 

it is first necessary to find the appropriate efficiency measures using DEA. The Malmquist 

productivity index given in Equation 33 incorporates a measure of technical efficiency between 

periods t  and 1t+  (the first ratio), a measure of technical change between periods t  and 1t+  

(the second ratio), and a measure of bias in technical change between periods t  and 1t+  (the 

third ratio; Grifell-Tatjé & Lovell, 1997, p. 180). 




















































































































































